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Abstract 



Coactions of Hopf C*-bimodules simultaneously generalize coactions of Hopf C*- 
algebras and actions of groupoids. Following an approach of Baaj and Skandalis, we 
' construct reduced crossed products and establish a duality for fine coactions. Ex- 

amples of coactions arise from Fell bundles on groupoids and actions of a groupoid 
on bundles of C*-algebras. Continuous Fell bundles on an etale groupoid corre- 
spond to coactions of the reduced groupoid algebra, and actions of a groupoid on a 
CN ■ continuous bundle of C*-algebras correspond to coactions of the function algebra. 
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1 Introduction and preliminaries 



Actions of quantum groupoids that simultaneously generalize actions of quantum 
groups and actions of groupoids have been studied in various settings, including that 
of weak Hopf algebras or finite quantum groupoids [231 ES], Hopf algebroids or al- 
gebraic quantum groupoids [13] , and Hopf- von Neumann bimodules or measured 
quantum groupoids [TUl [TT1 [29] - In this article, we introduce and investigate coac- 
tions of Hopf C*-bimodules or reduced locally compact quantum groupoids within 
the framework developed in [27} [28] . 

In the first part of this article, we construct reduced crossed products and dual 
coactions, and show that the bidual of a fine coaction is Morita equivalent to the 
initial coaction. These constructions apply to pairs of Hopf C*-bimodules that 
appear as the left and the right leg of a (weak) C*-pseudo-Kac system, which 
consists of a C*-pseudo-multiplicative unitary [28] and an additional symmetry. 
We associate such a C*-pseudo-Kac system to every groupoid and to every compact 
C*-quantum groupoid and expect that the same can be done for every reduced 
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locally compact quantum groupoid once this concept has been defined properly. 
The constructions in this part generalize corresponding constructions of Baaj and 
Skandalis [3] for coactions of Hopf C*-algebras. 

Coactions of the two Hopf C*-bimodules associated to a locally compact Haus- 
dorff groupoid — the function algebra on one side and the reduced groupoid algebra 
on the other — are studied in detail in the second part of this article. We show 
that actions of the groupoid on continuous bundles of C*-algebras correspond to 
coactions of the first Hopf C*-bimodule, and that continuous Fell bundles on G 
naturally yield coactions of the second Hopf C*-bimodule. Generalizing results of 
Quigg [21] and Baaj and Skandalis [2] from groups to groupoids, we show that if 
the groupoid is etale, every coaction of the reduced groupoid algebra arises from a 
Fell bundle. 

This work was supported by the SFB 478 "Geometrische Strukturen in der 
Mathematik"0. 

This article is organized as follows. The first part is concerned with coactions 
of Hopf C*-bimodules and associated reduced crossed products. Section [2] summa- 
rizes the relative tensor product of C*-modules and the fiber product of C*-algebras 
over C*-bases [27] which are fundamental to everything that follows, and introduces 
coactions of Hopf C*-bimodules. Section [3] is concerned with C*-pseudo-Kac sys- 
tems. Every C*-pseudo-Kac system gives rise to two Hopf C*-bimodules, called the 
legs of the system, which are dual to each other in a suitable sense. Coactions of 
these legs on C*-algebras, associated reduced crossed products, dual coactions and 
a duality theorem concerning iterated crossed products are discussed in Section [H 
Section [5] gives the construction of the C*-pseudo-Kac system of a locally compact 
Hausdorff groupoid G. The associated Hopf C*-bimodules are the function algebra 
on one side and the reduced groupoid C*-algebra of G on the other side. The sec- 
ond part of the article relates coactions of these Hopf C*-bimodules to well-known 
notions. Section [6] shows that actions of a groupoid G on continuous bundles of C*- 
algebras correspond to certain fine coactions of the function algebra of G. Section 
[7J contains preliminaries on Fell bundles, their morphisms and multipliers. Section 
[5] shows that continuous Fell bundles on G give rise to coactions of the reduced 
groupoid C*-algebra of G, and section [9] gives a reverse construction that associates 
to every sufficiently nice coaction of the groupoid algebra a Fell bundle provided 
that the groupoid G is etale. 

Preliminaries We use the following notation. Given a subset Y of a normed 
space X, we denote by [Y] cz X the closed linear span of Y. All sesquilinear maps 
like inner products of Hilbert spaces are assumed to be conjugate-linear in the first 
component and linear in the second one. Given a Hilbert space H, we use the 
ket-bra notation and define for each £ e H operators C — > H, A i— > A£, and 
(£| = |0* : H — > C, £' h-» {£!£'). Given a C*-algebra A and a subspace B a A, we 
denote by A n B' the relative commutant {a e A | [a, B] =0}. 

We shall make extensive use of (right) Hilbert C*-modules; see |16] , In partic- 
ular, we use the internal tensor product and the KSGNS-construction. Let E be 
a Hilbert C*-module over a C*-algebra A, let F be a Hilbert C*-module over a 

1 funded by the Deutsche Forschungsgemeinschaft (DFG) 
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C*-algebra B, and let 4>: A —> C(F) be a completely positive map. We denote by 
E ©^ F the Hilbert C*-module over B which is the closed linear span of elements 
77 ©</, £, where 77 € E and £ e F are arbitrary, and (77 ©^ £|r/' ©</, £') = (£|0((77|f?'))O 
and (77 ©^ £)6 = 77 ©^ £b for all 77,77' 6 E, £, £' 6 F, and b e B. If is a *- 
homomorphism, this is the usual internal tensor product; if F = B, this is the 
KSGNS-construction. If S e C(E) and T e £(F) n 0(A)', then there exists a 
unique operator 5 ©^ T e C(E ©^ F) such that (S ©^ F)(t7 ©^ = Sr) ©^ T£ 
for all 77 e F, £ e F; see [3 Proposition 1.34]. We sloppily write "©a" or "©" 
instead of "©^" if no confusion may arise. We also define a flipped product F^QE 
as follows. We equip the algebraic tensor product F © E with the structure maps 
I £'©?/) := (?|0(( T /IV))£')i (£,Qv)b '■= £bQr), form the separated completion, and 
obtain a Hilbert C*-module F^QE over B which is the closed linear span of elements 
^©77, where 77 e F and £ e F are arbitrary, and {^©vW ^©v') = (CI^K 7 ?! 7 /))^') 
and (£,<f>©r])b = ib^Qri for all 77, 77' e E, £, £' e F, and b € B. Again, we sloppily write 
"a©" or "©" instead of "<^@" if no confusion may arise. Evidently, there exists a 
unitary T,: F © E ^ E © F, 77 ©£>->£ © 77. 

2 Hopf C*-bimodules and coactions 

A groupoid differs from a group in the non-triviality of its unit space. In almost 
every approach to quantum groupoids, the unit space is replaced by a nontrivial 
algebra, and a relative tensor product of modules and a fiber product of algebras 
over that algebra become fundamentally important. We shall use the corresponding 
constructions for C*-algebras introduced in [27J and briefly summarize the main 
definitions and results below. For additional details and motivation, see [2?1 [28] . 

The relative tensor product A C*-base is a triple (R, 03, 03^) consisting of 
a Hilbert space 8. and two commuting nondegenerate C*-algebras 03, 03^ c C(&). 
It should be thought of as a C*-algebraic counterpart to pairs consisting of a von 
Neumann algebra and its commutant. Let b = (&, 03, 03^) be a C*-base. Its opposite 
is the <7*-base b* := (£, 03^,03). 

A C* -b -module is a pair H a = (H,a), where H is a Hilbert space and a Q 
C(&,H) is a closed subspace satisfying [a&] = H, [aOS] = a, and [a*a] = 03 Q 
£(&). If H a is a C*-b-module, then a is a Hilbert C*-module over B with inner 
product (£, £') 1— > and there exist isomorphisms 

a © £ -» ff, £ © C >-» £C, £ © " -» # , C © £ ^ £C, (1) 

and a nondegenerate representation 

p a : 03 f ->£(#), p a (tf)(£()=ttf( forall& t e03 t ,£ea,Ce.ft. 

A semi-morphism between C*-b-modules H a and Kp is an operator T e C(H,K) 
satisfying Ta ^ /?. If additionally T* (3 c a, we call T a morphism. We denote the 
set of all (semi-)morphisms by C^(H a ,Kp). If T e C s (H a ,Kp), then Tp a (tf) = 
pp{b^)T for all ?>t e 03^, and if additionally T e C(H a , Kp), then left multiplication 
by T defines an operator in £(a,(3) which we again denote by T. 
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We shall use the following notion of C*-bi- and C*-n-modules. Let bi, . . . , b n 
be C*-bases, where bj = 2$}) for each i. A C*-(bi, . . . , b n )-module is a 

tuple (H, o<i, . . . , a n ), where H is a Hilbert space and (H^oci) is a C*-bj-module 
for each i such that (Q3j)aj] = ay whenever i ^ j. In the case n = 2, we 
abbreviate := (H,a,(3). If (if, ai, . . . , a n ) is a C*-(bi, . . . , b n )-module, then 
[p ai (Q3j), p Q:i C^])l = whenever i # j. The set of (semi-)morphisms between C*- 
(bi, . . . , b n )-modules % = (if, «i, . . . , a n ) and /C = (if, . . . , /3 n ) is C^(7i, K,) : = 

Let b = (£,<B,9$t) be a C*-base, ^ C*-b-module, and iT 7 a C*-bt-module. 
The relative tensor product of Hp and is the Hilbert space 

Hb®^K : = /3©£©7. 
b 

It is spanned by elements £©C©?7) where £ 6 (3, £ e .ft, ry 6 7, and the inner product 
is given by <e © C © vW © C © V> = <C1£*£WC> = (CfaVCfO for a11 C,C 6 ft 
C, C' e ^/) V 6 7- Obviously, there exists a unitary flip 

b bt 

Using the unitaries in (pQ) on iT^ and iiT 7 , respectively, we shall make the following 
identifications without further notice: 

H P0 ©j * HpfyK ^P© Pl K, iC © 77 = £ © C © V = £ © V(- 

b 

For all S e pp(*B^)' and T e p 7 (QS)', we have operators 

S © id e £(tf p ©7) =L{H p ® 1 K), id©T e C{(3 Q Pj K) = C(Hp® 1 K). 

b b 

ltSeC s (Hp) oiTeC s {KJ, then (S © id) (f © r?C) = S£ © f?C or (id ©T) © v) = 
£C © XV7, respectively, for all £ e /3, £ e .ft, 77 e 7, so that we can define 

S®T := (5©id)(id©T) = (id@r)(S@id) 6 C{H p ®^K) 

b b 

for all (S,T) e (£ s (#s) x p 7 (Q3)') u (M'B 1 )' x £ s (tf 7 )) . 
For each £ e /3 and ?7 e 7, there exist bounded linear operators 

: K — > He® 7 K, oj h-> £ © w, |r/> 2 : il — > Hp®^K, oj i-» w © 77, 

b b 

whose adjoints := and {77 1 2 := |f?)f are given by 

<£|i: £'©w^p 7 (£*0^, <t/| 2 : w@V-»p^(»7V)w. 

We write |/3>i := {|f>i I £ e /3} c £(if, H g ® 7 K) and similarly define </3|i, (7)2, <7| 2 - 

b 

Let % = (H, ai,..., a m , /3) be a C*-(oi, . . . , a m , b)-module and let fC = (K, 7, 5%, 
. . . ,S n ) be a C*-(b^, Ci, . . . , c n )-module, where dj = (ijj, 2tj, 2l|) and Cj = (£j, €j, £j) 
are C* -bases for all i,j. We define 

Oi < 7 == [|7>2a 4 ] c Hg^K), /3 > 5,- := [|/5>!^-] c C^^H^K) 
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for all Then (Hp® n K,ai < 7, . . . , a m < 7, fi > Si, . . . , fi >£ n ) is a C*-(oi, . . . , o m , 

b 

Ci, . . . , c n )-module, called the relative tensor product of H and K, and denoted by 

*H®K. For all i, 7 and a? e 2lJ, c* 6 <2± 
b 3 

P( ai < 7 )(a t ) = ^(a 1 ) ®id, P^)^) = id®p Sj (c f ). 

b b 

The relative tensor product is functorial in the following sense. Let H = 
(H,ai,...,a m ,f3) be a C*-(oi, . . . , a m , b)-module, it = (-K",7> Si,...,S n ) a C*- 
(b^, ci, . . . , c n )-module, and 5 6 C/ S )('H,'H), T e C( S \{K,,1C). Then there exists a 

unique operator S®T e C ( AH®K,U®t) satisfying (S(g)T)(£©C©?7) = S£,Q(©Tr] 

b w b b b 

for all £ e /?, C 6 77 6 7. 

Finally, the relative tensor product is associative in the following sense. Let 

D, ex, . . . , Z\ be C*-bases, /C = (K, j, 81, . . . , £ n , e) a C*-(b', ci, . . . , c n , t))-module and 

£ = (L, 0, Vi, • • • , ipi) a C*-(9>, Ci, . . . , e;)-module. Then there exists a canonical 

isomorphism 

a H ,K,c ■ {H p ® 1 K)p >e ® <j} L -> (3 © p K P€ ©cf> -> H^^K^L) (2) 

b b 

which is cLii isomorphism of C*-(di , . . . , dm? Cij . . . , c n , d , . . . , t\ )-modules (H ® JC) ® 

b 

£ — > % (x) (/C (x) £). From now on, we identify the Hilbert spaces in ([2]) and denote 

b 
them by Hp^K^^L. 

b 

The fiber product of C*-algebras Let bi,...,b n be C*-bases, where bj = 
(Mi, QSj) for each i. A (nondegenerate) C*-(bi, . . . , b n )-algebra consists of a C*- 
(bi, . . . , b n )-module (i/, «i, . . . , a n ) and a (nondegenerate) C*-algebra ^4 Q £{H) 
such that p Qi (2$j)^4 is contained in A for each i. We shall only be interested 
in the cases n = 1,2, where we abbreviate A% := (H a ,A), A a / := ( a Hp,A). 
Given a C*-(b\, . . . , 6 n )-algebra A = ((H, a\, . . . , a n ), A), we identify M(A) with 
a C*-subalgebra of C([AH\) c £(#) and obtain C*-(&i, . . . , 6 n )-algebra Af(.A) = 
),M(A)). 

We need several natural notions of a morphism. Let A = (H, A) and C = (/C, C) 
be C*-(bi, . . . , b n )-algebras, where % = (H,a\, . . . ,a n ) and K, = (if, 71, • • • , 7n)- A 
*-homomorphism 7r: j4 — » C is called a jointly (semi-)normal morphism or briefly 
(semi-) morphism from ^4 to C if [£/^(%, /C)aj] = 7$ for each i, where 

CJ s) (%JC) = {Te C {s) (H,K) \ Ta = n(a)T for all a e A}. 

One easily verifies that every (semi-)morphism tt between C*-b-algebras AJj and 
Cl satisfies ir(p a (tf)) = /J 7 (6 f ) for all &t e ®t. 

We construct a fiber product of C*-algebras over C*-bases as follows. Given 
Hilbert spaces H, K, a closed subspace E Q C(H, K), and a C*-algebra A Q C(H), 
we define a C*-algebra 

lnd E (A) := {T e C(K) \ TE c [^A] and T*S c [^,4]} c £(K). 
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Let b be a C*-base, A H a C*-b-algebra, and Bj^ a C*-b^-algebra. The fiber product 
of A^ H and is the C*-algebra 

A ni B := Indi^fS) nIndi 7>a (A) c C(Hp® 7 K). 
fa b 

To define coactions, we also need to consider the C*-algebra 

ApfB := Ind^ )lB] (S) n Ind| 7>3 (A) <= C(H^K), 
b b 

which evidently contains Ap*~B. If ^4 and £> are unital, so is Ap*^B, but oth- 

b b 

erwise, Apx^B and A/3 * y B may be degenerate. Clearly, conjugation by the flip 

6 fa 
E: H/3® 7 K — > K^t&pH yields an isomorphism 
fa fat 

Ad E : Ag *-yB -» B y * g A. 
1 b' 1 b\ 

If a, c are C*-bases, A°^f is a C*-(a, b)-algebra and i? 7 ^ 5 a C*-(bt, c)-algebra, then 

A a / *B]f := { a H p ®^K s , Ap^B) 
fa fa fa 

is a C*-(o, c)-algebra, called the fiber product of and B^ 5 [271 Proposition 3.18], 

and likewise ( a Ha ®~K§, Ap*^B) is a C*-(o, c)-algebra. 
fa fa 

The construction of the fiber product and of the algebra above is functorial with 
respect to (semi-)morphisms [28} Theorem 3.2] in the following sense. 

Lemma 2.1. Let c be a C*-base, ir a semi-morphism of C* -b- algebras A^ H , C^, and 

y K s a C*-(bt,c) -module. Let I := £%(Hp,L\) g)id <= C(H p^K, L\® y K) and 

fa fa fa 

X := (/*/)' c C(Hp® y K), Y := (71*)' c £(L A ® 7 K). 

fa fa 

i) X := (Hp^-yKs, X) and y := (L\(B)jK8,Y) are C* -c- algebras. 

fa fa 

ii) There exists a semi-morphism Ind| 7 ^ 2 (7r) : X — » y such that (Indu^ (ir))(x)z = 
zx for all x e X and z e I. 

Hi) Assume that Bj, is a C* -b^ -algebra. Then we have Ap*yB c Ap*^B c: X, 

(Ind| 7>2 (7r))(^* 7 S) cC A * 7 B and (Ind| 7>2 (ir))(A p *^B) c C A *7B. 

i«; [|7>2^<7| 2 ] c X and (Ind, 7>2 (vr))([| 7 > 2 ^< 7 | 2 ]) = [| T > 2 vr(A)< T | 2 ] . 

Proof. The existence of the *-homomorphism Ind| 7 ^ 2 (tt) follows as in [281 Lemma 
3.1]. The proof of the remaining assertions is straightforward; compare \27\ §3.4] 
and ESI S3.ll. □ 



Theorem 2.2. Let 0, b,c be C*-bases, (ft a (semi-)morphism of C*-(a,b)-algebras 
A = Aft and C = C^ X , and ip a (semi-)morphism of C* -(b^ , c)- algebras B = Bjl 
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and V = D^f . Then there exists a unique (semi-)morphism of C* : -(a, c)- algebras 
4>*if) from ( a Hg <g)~Kg, Ag^B) to { K L\® u,M u , C\* t± D) such that 

b b b b 

(4> * ip)(x)R = Rx for all x e A#* 7 .B and R e ImJh + JlIk, 

b 

where I x = C^(H,L) ®id x , Jy = idy ®£^(K,M) for X e {K,M},Y e {H,L}, 

b b 

and <fi * ip restricts to a (semi-)morphism from A^f * Blf to C£' A * D'tf. 

b b 

Proof. This follows from Lemma 12.11 and a similar argument as in the proof of \27\ 
Theorem 3.13]. □ 

Unfortunately, the fiber product need not be associative, but in our applications, 
it will only appear as the target of a comultiplication or coaction whose coassocia- 
tivity will compensate the non-associativity of the fiber product. 



Hopf C*-bimodules and coactions The notion of a Hopf C*-bimodule was 
introduced in [2"B] . 

Definition 2.3. Let b = (i^,5S,5S t ) be a C*-base. A Hopf C*-bimodule over b 
is a C*-(b\ b)-algebra A^ together with a morphism A from A^ to A^ a * A^j a 

b 

that is coassociative in the sense that (5 * id) o 5 = (id *A) o 5 as maps from A to 
C{H a ®pH a ® p H). 

b b 

Let (A, A) be a Hopf C* -bimodule, where A = A^j a . A coaction of (A, A) 

consists of a C* '-b- algebra Cj^ and a semi-morphism 5 from (Kj,C) to (K^ (g) 

b 

gH a ,C~*PA) such that (<5*id)o<5 = (id*A)o<5 as maps from C to C(K^0j3H a 0^H). 
b ' b b 

We call such a coaction (Cj,,5) 

. left-full if[S(C)\-yyiA] = [| 7 M], and right-full if [5(C)\f3) 2 ] = [\f3) 2 C]; 

• fine if S is infective, a morphism, and right-full, and if [p 7 (^B^)C] = C; 

• very fine if it is fine and if 5~ l : 5(C) — » C is a morphism of C* -b- algebras 

from (K^® B H a ,5(C)) to (K y ,C). 
b 

A morphism between coactions (Cj^,5c) and (D € l ,5d) is a semi-morphism p of C*- 
b-algebras from C^ K to M(D) e L that is nondegenerate in the sense that [p(C)D] = D 
and equivariant in the sense that 5rj(d) ■ (p * id)(5c(c)) = 5n(dp(c)) for all d e D, 
c 6 C. We denote the category of all coactions of (A, A) by Coact^A)- 

Examples of Hopf C*-bimodules and coactions will be discussed in detail in 
Sections [5j EJ and [HJ 



3 Weak C*-pseudo-Kac systems 

To form a reduced crossed product for a coaction of a Hopf C*-bimodule (A, A) and 
to equip this reduced crossed product with a dual coaction, one needs a second Hopf 
C*-bimodule (A, A) that is dual to (.4, A) in a suitable sense. We shall see that a 
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good notion of duality is that (.4, A) and (A, A) are the legs of a weak C*-pseudo- 
Kac system, which is a generalization of the balanced multiplicative unitaries and 
Kac systems introduced by Baaj and Skandalis [U [3] . 

C*-pseudo-multiplicative unitaries A weak C*-pseudo-Kac system consists 
of a well-behaved C*-pseudo-multiplicative unitary V and a symmetry U satisfying 
a number of axioms. Before we state these axioms, we recall from [28] the notion 
of a C*-pseudo-multiplicative unitary and the construction of the associated Hopf 
C*-bimodules. 

Let b be a C*-base. A C* -pseudo-multiplicative unitary over b consists of a 
C*-(bt, b, bt)-module (H, f3, a, (5) and a unitary V : Hz® a H — » H a ®sH such that 

V{a<a) = a»a, V(J}»P)=p<P, V0 > P) = a > p, V{P < a) = P < p (3) 

in C(&, H a (g)pH) and V12V13V23 = V23V12 in the sense that the following diagram 
b 

commutes, 

H s ® a>a (H a ®{sH) Yll _ {H d ® a H) a<a ®pH 

p bt b p bt b 

where Vij is the leg notation for the operator that acts like V on the ith and jth 
factor in the relative tensor product; see [28J. 

Let V be a C*-pseudo-multiplicative unitary as above, let 

A = A V = [{P\ 2 V\a)2\ £ C(H), A = Ay. A — > C(H s® a H), V*(l®a)V, 

P bt b 

A = Ay = [(aliVl^i] c C(H), A = A v : A — > £(H a ®pH), a^V(a® 1)V*, 

b fat 

and let ,4 = A^ 3 , A = A^f . We say that V is well-behaved if (i,A) and (.A, A) 
are Hopf C*-bimodules. This happens for example if V is regular in the sense that 
[<a|iV|a>2] = [aa*] c £(#) [28, Theorem 5.7]. 

The opposite of V is the C*-pseudo-multiplicative unitary 

bt b P bt b P 

If V is well-behaved or regular, then the same is true for V op , and then 

Ayop = Ay, Ayop = Ads °Ay, Ayop = Ay, Ayop = Ads oAy. (5) 

Balanced C*-pseudo-multiplicative unitaries Let (H, 3, /3, a, P) be a C*- 

(b, b^, b, b^)-module and ?7 6 £(&Hs, a Hp) a symmetry, that is, U = U* = U^ 1 . 
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Then Ua = a, U0 = (3, Ua = a, U/3 = 0, and the following diagram commutes, 



(i ® U)E 

H a ® s H , ^ (t) _ H s ® a H 

(C/®1)S* f(l®J7)£ 
b (t) { t ll(t) 

bt (t/®l)E b 

b(t) 

where each arrow can be read in both directions and the diagonal maps are U ® U. 

b(t) 

We adopt the leg notation and write U\ for U ® 1 and ?72 for 1 ® U. For each 

b(t) " b(t) 

T e C{H n ® a H, H a ®pH), let 
p bt b 

f := S(l®[/)r(l®C/)S: H & ® n H -> H n ® a H, 
b bt b p p bt 

f := £([/®l)r([/®l)£: H a ®/sH — > Hp®&H. 

b bt b bt 

Switching from (b,H,a,P,a,0) to (tf,H,P,a,P,a) or (tf,H,P,a,P, a), respec- 
tively, we can iterate the assignments T i— > T and Th>T, and obtain 

f = f, f = (U®U)T(U®U) =f, f = f. (6) 

b bt 

Definition 3.1. j4 balanced C*-pseudo-multiplicative unitary (V, f7) on a C*- 
(b, b^, b, b^)-module (H,a, P,a, P) consists of a symmetry U e C(aH^, a H/s) and 

a C* -pseudo-multiplicative unitary V : Hs® a H —> H a ®sH such that V and V are 

p bt b 

C* -pseudo-multiplicative unitaries. 

Remark 3.2. In the definition above, (V, £/) is a C*-pseudo-multiplicative unitary 

if and only if (V, U) is one because V = (U ® U)V(U ® U). 

bt b 

Let (V, U) be a balanced C*-pseudo-multiplicative unitary as above. 

Remarks 3.3. i) One easily verifies that (V,U), (V,U), (V op ,U) are balanced 
C*-pseudo-multiplicative unitaries again. We call them the predual, dual, and 
opposite of (V, U), respectively. 

ii) The relations (|3j) for the unitaries V, V read as follows: 

/3</3-^>/3>/3, a>a-^>a<a, a > a — » p > a, a<P-^>a<a, 
P<P^-+P>P, a > 5 -^-» a < 5, a >a /? >a, 3 < /3 3 < a, 

where X 1" means WX = Y. They furthermore imply 

/? > 3 -^-» a > 3, a > P P > P, a > P — > /3 > /3, 

3 < a -^-» 3 « /3, ft < ft p < a, /3</3-^>/3<5. 
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iii) The spaces A and A are contained in C(H a ) since [Aa] = [(/3|2^|a)2<2] = 
[(/^hl/^S] = [p Q (93t)a] = 5 and similarly [A3] = [(aliVI/^ia] = 3. 

Lemma 3.4. V13V23V12 = V12V13 and V23V12V13 = V13V23, that is, the following 
diagrams commute: 



V12 



p bt f> 



'bt "&t 



fVl 3 



H n ® a H n ® a H . 



bt 



H2® a » a (H a ® p H) V H~®^ a {H p ® a H) ^i3. H a ®^ p (Hp® & H). (8) 

M (,t h M ht ht h ht ' ■ ' 



bt 



bt 



bt 



(H s ® a H) a<a ®[sH . 



V12 



t 



^3 



bt 



H a ®pH a ® p H 

b b 



Proof. Let W := XV£. We insert the relation V" = U\WU\ into the pentagon 
equation V12V13V23 = V23V12 and obtain U1W12U1 ■ U{Wi$U\ ■ V23 = V23 • U1W12U1 
and hence W12W13V23 = V 2 zWx 2 . We conjugate both sides of this equation by the 
automorphism S23S12, which amounts to renumbering the legs of the operators 
according to the permutation (1,2,3) 1— > (2,3,1), and obtain V13V23F1.2 = ^12^13- 
A similar calculation shows that V23V12V13 = F13V23. □ 



Proposition 3.5. A y = UA V U, A 



-v 



Ad 



{U®U) 



oAy oAd[/, A.% = Ay, A 



V 



A, 



and A, 7 = UA V U, A, 7 = Ad, 



(U®U) 

bt 



oAy o Adu, A, 7 = Ay, A f 



A 



v ■ 



Proof. By definition, A y = [</3|iEC/ 2 VC/ 2 S|S>i] = [(UP\ 2 V\Ua) 2 ] = [(/3\ 2 V\a) 2 ] 
Ay. Next, let a = (£'|2V|02 e Ay, where £' e /3, £ e a. The following diagram 



Hs® a H 
p bt 



H a ®sH 
b p 

1 103 



H a ®^H 



a(g)l 
6 



if 



if? 



03 



(H a ®^H)^® H (H a ®~H) a<$ ®pH 

pi V13 P 



vif 



bt 



'bt 







bt 



-V13V23- 



103 



Hs® a H 
p bt 



V12 



v 




(H s ® a H) a<a ®/3H 



bt 



b p bt b b 

I03f 1(83 j«'|3 



V* 



<03 



bt 



commutes because diagrams ([7]) and ([!]) commute. Therefore, A^(a) = V(a ® 

b 

1)V"* = V*(l ® a)V = Ay (a). Since elements of the form like a are dense in Ay, 

b 

we can conclude A^ = Af>. The proof of the remaining assertions is similar. □ 



Corollary 3.6. If V is well-behaved, then also V and V are well-behaved. 
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Weak C*-pseudo-Kac systems Let (V, U) as above. 
Lemma 3.7. For each a e A and as A, we have equivalences 

(\®a)V = V(l®a) <=> (UaU ® 1)V = V(UaU ® 1) o [f/af/,l] = 0, 
bt fa fa fat 

(a®l)V = U(a®l) o (1 ®UaU)V = V(l ®UaU) o [UaU,A]=0. 
bt fa fa bt 

These equivalent conditions hold for all a € A and a e A if and only if V23V12 = 
U12V23 ^23 ^12 = U12V23 sense that the following diagrams commute: 

H a ® p H~® a H ^ Hp® & H~® a H H s ® a H & ® s H H a ®pH a ® n H 

fa p fat bt p bt ^fat faP fa M b^ 

|V23 jV23 \v 2 3 |V23 

H a ®pH a ® p H V12 Hp® & H a ® p H, H s® a H s® a H V12 H a ®pHg® a H. 
fa fa bt fa p bt p fat fa p bt 

Proof. This is straightforward, for example, V23V12 = V12V23 holds if and only 
if <£'|3^23 V12IO3 = (C'|3^12^23|C)3 for all £ e a, £' 6 ft and hence if and only if 

(1 ® a)V = V(l ® a) for all a € A. □ 
bt fa 

Definition 3.8. We call (V, U) a weak C*-pseudo-Kac system ifV is well-behaved 
and if the equivalent conditions in Lemma \3. 7| hold, and a C*-pseudo-Kac-system if 
V,V,V are regular and (T,(1®U)V) 3 = id, where T,(1®U)V: H s ® a H -> Hs® a H. 

fa b p bt P b\ 

Remark 3.9. In leg notation, the equation ® U)V) 3 = 1 reads (SL^U) 3 = 1. 

fa 

Conjugating by X or V, we see that this condition is equivalent to the relation 
(£/ 2 U£) 3 = 1 and to the relation (VY,U 2 f = 1. 

Lemma 3.10. {Y,U 2 Vf = 1 if and only ifVVV = U\Z. 

Proof. Use the relation U 1 U 2 (^U 2 V fU2^ = ^VUi^-V-^VU^ = V-V-V. □ 

Proposition 3.11. Every C* -pseudo-Kac system is a weak C* -pseudo-Kac system. 

Proof. Let (V, U) be a C*-pseudo-Kac system. Then V, V, V are regular and there- 
fore well-behaved. Using diagrams ([ID and (0), we find 

V12U12S12V23 = U12U12U13E12 = U12U13V23 U12S12 = V23Vi2Ui2Sl2- 

By Lemma EES V l2 V l2 Zi2 = V&U\ and hence V^UxV^ = V 23 V^ 2 U 1 . Since V 12 is 
unitary and U1V23 = V23U1, we can conclude V12V23 = V23V12. A similar argument 
shows that V23U12 = V12V23. □ 

The following result is crucial for the duality presented in the next section. 

Proposition 3.12. Let (V,U) be a C* -pseudo-Kac system. Then [AA] = [22*]. 
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Proof. The relation [S*yl] = 5* (Remark 13. 31 iii)). regularity of V, and the relations 
V* = Y>XJ 2 VYAJ 2 VYAJ 2 and [U|5> 2 I] = [|/3> 2 A] [281 Proposition 5.8] imply 

[55*] = [Uaa*UA] = [U{u\ 2 V*\a)iUA\ 

= [U{a\ 2 Y,U 2 VY,U 2 V^U 2 \a)iUA\ 

= [<a|iysc/ 2 y|a> 2 I] 

= [<a|iFEf/ 2 |/3> 2 l] = [(a^VlpyU] = [AA]. □ 

Lemma 3.13. Let (V,U) be a (weak) C* -pseudo-Kac system. Then also (V,U), 
(V,U), and (V op ,U) are (weak) C* -pseudo-Kac systems. 

Proof. If (V, U) is a weak C*-pseudo-Kac system, then the tuples above are balanced 
C*-pseudo- multiplicative unitaries by Remark 13.31 i). and the remaining necessary 
conditions follow easily from Proposition 13.51 and equation ([5]). 

If (V, U) is a C*-pseudo-Kac system, then equation ([6]), the relation (V op ) = 
U\V*U\ = (U) op , and the fact that V op is regular, imply that the tuples above 
satisfy the regularity condition in Definition 13.81 To check that they also satisfy 
the second condition, we use Remark 13.91 and calculate (T,U 2 V) 3 = (U£i7 2 ) 3 = 1, 
(VZU 2 ) 3 = (ZU 2 V) 3 = 1, (U 2 V op E) 3 = (U 2 ZV*) 3 = ((F£C/ 2 ) 3 )* = 1. □ 

The C*-pseudo-Kac system of a compact C*-quantum groupoid In 

[26] . we introduced compact C*-quantum groupoids and associated to each such ob- 
ject a regular C*-pseudo-multiplicative unitary V . We now recall this construction 
and define a symmetry U such that (V, U) is a C*-pseudo-Kac system. 

A compact C* -quantum graph consists of a unital C*-algebra B with a faith- 
ful KMS-state fi, a unital C*-algebra A with unital embeddings r: B — » A and 
s: B op — » A such that [r(B), s(B op )] = 0, and faithful conditional expectations 
(ft: A —> r(B) ^ B and tft: A — > s(B op ) ^ U op such that the compositions v := \ia<f> 
and := /i op o ^ are KMS-states related by some positive invertible element 
S 6 y4nr(S)'ns( J B op ) / via the formula v~ x {a) = K<5 1//2 gk5 1/ ' 2 ), valid for all a € A. An 
involution for such a compact C*-quantum graph is a *-antiisomorphism R: A — > ^4 
such that i? o i? = id A , fl(r(6)) = s(6 op ) and <£(i?(a)) = V(«)° p for all b e B, a e A. 

Let (B, n, A, r, s, (ft, ift) be a compact C*-quantum graph with involution R. We 
denote by (H^,(^, J^) and (H u , ( u , J u ) the GNS-spaces, canonical cyclic vectors, 
and modular conjugations for the KMS-states \x and u , respectively and let £„-i = 
d 1 / 2 ^- As usual, we have representations -B op — > C(H^), b op i-» J M 6* J M , and j4° p — > 
C(H U ), a op 1 ^ J u a*J u . Using the isometries 

C r .H^H v , b^ -> r(b)( u , ^ ■ H^ P _ H„, b op ^ op \ > s(6 op )C-i , 

we define subspaces 5, /3, a, /3 c C(H^, H u ) by S := L4C</>]> ^ := [^C^]; := [^° p C</i]) 
/3 := Let H = H v and b = (£,33,33*), where £ = H^, 33 = 5 c C(hJ), 

33t = 5 op c C(H^). Then (if, 5, A a, 0) is a C*-(b, b\ b, b^-module and .4 := A^ a 
a C*-(bt,b)-algebra [26]. 

A compact C* -quantum groupoid consists of a compact C*-quantum graph with 
involution as above and a morphism A ^> A* A C*-{b\ b)-algebras such that 
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i) (A * id) o A = (id *A) o A as maps from A to C(H a ® pH a ® pH); 

fa fa 

ii) <C^,|2A(a)|C0>2 = Pp{4>{a)) and <Cv> 1 1 A ( a ) K^>i = P*{i>(a)) for all a e A; 

iii) [A(A)|a>!] = [|a>iA] = [A(A)\^hA], [A(A)\f3) 2 ] = [\f3) 2 A] = [A(A)|Q 2 A]; 

iv) i?«C^| 1 A(a)(d°f ®l)|Cv,>i) =<C^|i(«° p ®l)A(d)|C^>i for all a,ds A. 

fa fa 

By [26l Theorem 5.4], there exists a unique regular C*-pseudo-multiplicative unitary 

V: Hs<g> a H — » H a <g>pH such that V\a(^)i = A(a)|£w,)i for all a e A. Denote by 
p bt fa 

J = J v the modular conjugation for v as above, by I: H — » i? the antiunitary given 
by IaC-i = fl(a)*C* for all aei, and let U = IJ e C{H). 

Proposition 3.14. (V, J7) is a C* -pseudo-Kac system. 

Proof. First, C/ 2 = /J/J = IJJI = II = id# because I J = JI, and UC,4> = (f, 
U( u = C- 1 ) Ua = 1(3 = a, U (3 = la = (3 by Lemma 2.7, Proposition 3.8]. The 
relation {J a ® pI)V (J a ® pi) = V* [26l Theorem 5.6] implies 

v = j/)y(i® j/)s = (J a ®pJ)z(j a ®pi)v(j a ®pi)z(j a ®^j) 

= (J a ®^J)EF*S(J a ®^J) = (J Q ®^J)F op (J s (x)^J). 

Since V op is a regular C*-pseudo-multiplicative unitary, so is V. In particular, (V, U) 

is a balanced C*-pseudo-multiplicative unitary. We show that VV = U\T,V*, and 

then the claim follows from Lemma 13.101 Let a,b e A and u = VV(a£$ © Ub£ v ~i). 

Since A (a) = V*(l ® a)V by Proposition [331 
fat 

w = FA(a)(C^ © UbC-i) = (l<g>a)V(C^ © tf&C*-0 

fat 

= E(U ® l)([7aC7 ® l)V(b( v -x © 
fa fa 

= £([/ ® l)(C/aC/ ® l)A(6)(Cv, © G/-0- 
fa fa 

Using the relations UaU = JlaU = R{a) op and [77aC/®l, A(6)] e [A op ®l, A a * pA] = 

fa b fa 

0, we find 

w = ® l)A(b)(UaU^ © C-i) = (tf ® 1)S(C/ ® U)A(b)(U ® C/)(aC/^ © 

fa bt b b 

Since V"*(l ® UbU)V = (U ® U)A(b)(U ® 17) by Proposition E3J we obtain 
fat b fa 

w = (?7®l)EV*(l®Z76?7)V(o?7a©C v ) 

bt bt 

= (U ® 1)EF*(1 ® t7W7)E(l ® U)V(Cu © f/aC/C^). 

bt bt b 

By Proposition [26j Proposition 5.5], V(( v © UaUCip) = Cu © UaUC^, whence 

w = (C/®l)EF*(l®i76[/)(aC/C0©C) = (C/ ® l)SF*(a^ © C/6G-1). □ 
bt bt fat 
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4 Reduced crossed products and duality 



Let (V,U) be a weak C*-pseudo-Kac system and let (A, A), (A, A) be the Hopf 
C*-bimodules associated to V as in the preceding section. Generalizing the corre- 
sponding constructions and results for coactions of Hopf C*-algebras [3], we now 
associate to every coaction of one of these Hopf C*-bimodules a reduced crossed 
product that carries a dual coaction of the other Hopf C*-bimodule, and prove a 
duality theorem concerning the iteration of this construction. 

Reduced crossed products for coactions of (A, A) Let 5 be a coaction 
of the Hopf C*-bimodule (A, A) on a C*-b-algebra C = C]< and lel| 

C x r A:= [5(C)(l®A)] c C(K 7 ®pH), C x r A:= (K^® p H s ,C x r A). 

fab b 

Proposition 4.1. i) [5(C) (7 > /?)] c 7 > f3 with equality if 5 is left-full. 

ii) C x r A is a C* -algebra and C x r A is a C* -b^ -algebra. 

iii) There exist nondegenerate *-homomorphisms C — > M(C x r A) and A — > 

M(C xi r A), given by c ^ 5(c) and a >— > 1 (x)S ; respectively. 

fa 

Proo/. i) The relation /? = [A/3] J28l Proposition 3.11] implies that [5(C)|7>i/3] = 
[<5(C)| 7 >i^]c[| 7 > 1 ^] = [| 7 > 1 /3]. 

ii) We first show that [(1 ®1)5(C)] c [<5(C)(1 ® A)]. Let j( 2 ) := (id* A) o«5 = 

fa fa 

(5 * id) o 5: C -> ^K^pH^pH). By definition of A and A, 

fa b 

[(1®A)5(C)] = [(f3\ 3 (l®V)\a) 3 6(C)] = [0\ 3 (1 ® V)(5(C) ® l)|a> 3 ] 

b fa fa bt 

= [</3| 3 <5 (2) (C)(l®y)|a> 3 ] 
fa 

c [5(C)</?| 3 (l®y)|a> 3 ] = [5(C)(1®A)]. 

b fa 

Consequently, C xi r A is a C*-algebra. By [281 Proposition 3.11], [A/9g(2$)] = A, 
and hence [(C xi r 1)^^(03)] = [5(C) (1 ® A^(9S))] = [5(C) (1 ® A)] =C xi r A 

iii) Immediate. □ 

Theorem 4.2. There exists a unique coaction 5 of (A, A) on C x r A such that 

<5(5(c)(l ® a)) = (5(c) ® 1)(1 ® A(a)) /or all c e C, a e A. If A is a fine coaction, 
fa fat fa 

i/iera 5 is a very fine coaction. If 5 is left-full, then 5 is left-full. 

Proof. Define 5: C xi r A — > C(K^®rH -s® a H) by x h» (l®V)(x®l)(l(g)V*). Then 

fa p bt b fa b 

5 is injective and satisfies 5(<5(c)(l ® a)) = (5(c) ® 1)(1 ® A(a)) for all c e C, a e A 

fa bt fa 

because V(a® 1)V* = A (a) by Proposition [331 and (1 ®V)5(c)(l ®V*) = 5(c) as 

b fa fa 



2 The notation C » r A is consistent with [3] but not with [TU], where C x r A is used instead. 
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a consequence of the relation V(a(x)l)V* = a ® 1. We show that 5 is a coaction of 

b bt 

(A, A). First, [S(C » r A)\a) 3 ] c [|a) 3 (C x r A)] because 

[(<KC)®l)(l®A(2))|c*> 3 ] c [(i(C)®l)|a> 3 (l<g)A)] = [|a> 3 <5(C)(l ® A)]. (9) 

bt b bt b b 

Next, [5(C x r A)|7 > P)\A\ c [| 7 > /3>iA] because by Proposition Pi), 
[(1 ® A(A))(5(C) ® 1) | 7 > P)iA] c [(1 ® A(A)) | 7 > ^ A] 

b bt b 

= [17)1^(2)1^] c [l^lfaA]. (10) 
Furthermore, <5(:c)(l ® ^)|03 = (1 ® ^)I03 X f° r eac h x £ C x r i, ( 6 ,8, and by 

b b 

Remark EJii), [(1 ® F)|/3> 3 ( 7 »£)] = 7 >^>^and [</3| 3 (l ® U)*( 7 »/3 »£)] = 7 >/3. 

b b 

The maps (5 * id) o 5 and (id *A) o 5 from C x r A to £(Ky®pH s® a H s® a H) are 

b p bt p bt 

given by 5(c) (1 ® a) h-> (5(c) ® 1 ® l) (l ® A( 2 )(a)) for all c e C,S 6 A, where 
b bt bt b 

A( 2 ) := (A * id) o A = (id*A) o A. Thus, (C x r A,5) is a coaction of (A, A). 

If the coactions A is fine, then the inclusion Q is an equality and in any case 

[(/3| 3 (1 ® V)*(-y > (3 > (3)] = 7 i> f3, whence 5 will be very fine. If 5 is left-full, then 

b 

the inclusion ()10p is an equality by Proposition 14. II i) and hence 5 is left-full. □ 

Definition 4.3. We call C x r A the reduced crossed product and (C x r A, 5) the 
reduced dual coaction of (C,S). 

The construction of reduced dual coactions is functorial in the following sense: 

Proposition 4.4. Let p be a morphism between coactions (C,5c) and (T>,5d) of 
(A, A). Then there exists a unique morphism px r idfrom (C» r A,dc) to (T>yi r A,5x>) 
such that (p x r id) ((1 ® a)5 c (c)) ■ 5 v (d)(l ® a') = (1 ® a)5 v (p(c)d)(l ® a') for all 

b b b b 

c 6 C , d e D, a, a' e A. 

Proof. The semi-morphism Ind|^ 2 (p) of Lemma 12.11 restricts to a semi-morphism 
p x r id from C x r A to M(D x r „4) which satisfies the formula given above, and this 
formula implies that p x r id is a morphism of coactions as claimed. □ 

Corollary 4.5. There exists a functor — x r A: Coact^A) — > Coact^^ given 
by (C, 5) i— > (C x, r A, 5) and p i— > p x r id. □ 

Reduced crossed products for coactions of (A, A) The construction in 
the preceding paragraph carries over to coactions of the Hopf C*-bimodule (A, A) 
as follows. Let 5 be a coaction of (A, A) on a C*-bt-algebra C = CP K and let 

C x r A : = [6(C)(1 ® UAU)] c C(K^® a H), C* r A= {K y ® a H a , C x r A). 

bt bt bt 

Using straightforward modifications of the preceding proofs, one shows: 
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Proposition 4.6. i) [6(C) (j > a)] c -y >2 with equality if 5 is fine, 
ii) C r A is a C* -algebra and C ~x r A is a C* -b-algebra. 

Hi) There exist nondegenerate *-homomorphisms C — > M(C x r A) and A — > 

M(C xi r A), groen by c ^ 5(c) and (ih1§o, respectively. □ 

bt 

Theorem 4.7. There exists a unique coaction (C x r A, 5) of (A, A) swc/i i/iai 
5(5(c)(l ® C/aC/)) = (,5(c) ® 1)(1 ® Ad (u&) A (a)) /or all c e C, a e A. If A is 

bt ' b bt b 

a _/me coaction, then d is a very fine coaction. If 5 is left-full, then 5 is left-full. □ 

Definition 4.8. Let (C, S) be a coaction of (A, A). Then we call C x r A the reduced 
crossed product and (C x r A, 5) the reduced dual coaction of (C,6). 

Proposition 4.9. Let p be a morphism between coactions (C,5c) and (D, 5v) of 

(A, A). Then there exists a unique morphism px r idfrom (C» r A,dc) to (T>y<i r A,5x>) 

such that (px r id)((l®UaU)5 c (c))-6 v (d)(l®Ua'U) = (l®UaU)8 T) (p(c)d)(l®Ua , U) 

bt bt bt bt 

for all ce C, d e D, a, a' e A. □ 

Corollary 4.10. There exists a functor — xi r A: Coact^^ — > Coact^A) given 
by (C, i) h> (C x r i, 5) and p i— > p xi r id. □ 

The duality theorem The preceding constructions yield for each coaction 

(C,5c) of (A, A) and each coaction (D,5x>) of (A, A) a bidual (C x r A » r A, 6c) 

and (T> xi r A xi r A,5x>), respectively. The following generalization of the Baaj- 
Skandalis duality theorem [3] identifies these biduals in the case where (V, U) is a 
C*-pseudo-Kac system and the initial coactions are fine. Morally, it says that up 
to Morita equivalence, the functors — x r A and — xi r A implement an equivalence 

of the categories Coact/\ A ^ and Coact^- - . 

& (AA) (A,A) 

Theorem 4.11. Assume that (V,U) is a C* -pseudo-Kac system. 

i) Let (C,5) be a (very) fine coaction of (A, A), where C = C^ K . Then there 
exists an isomorphism <1>: C x r A x r A ^> [|/3)2C(/3|2] £ C(K^®pH) such that 

b 

<J> _1 is an (iso)morphism from (K^^pH^, [l/S^C^/?^]) to C » r A » r A and 

b 

Jo fc- 1 = * id) o Ad (1(g)Et?) o Ind,^ (5) . 

b 

ii) Let (T>,5) be a (very) fine coaction of (A, A), where T> = D e L . Then there 

exists an isomorphism <1>: D ~x r A x r A = [\(x)2D(a\2\ Q £(L t ® a H) such that 

bt 

<1> _1 is an (iso)morphism from (L € <S) a Hs, [|a)2-D( a |2]) to D » r A » r A and 

So = * id) o Ad (1(g)E y ) o Ind| Q>2 (<5) . 

bt 

Proof. We only prove i); assertion ii) follows similarly after replacing (V, U) by 
(V,U). By Proposition 13.51 and Proposition 13.121 applied to the C*-pseudo-Kac 
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system (V,U), we have [AAd[/(A)] = [A^A^] = [/3/3*], and since 5 is fine, 
[|/3> 2 C</3| 2 ] = [8(C) (10/3/3*)] = [6(C)(l®AAdu(A))]. 

b b 

One easily verifies that the *-homomorphism Ind|^ 2 (<5) (see Lemma I2.ip yields an 
(iso)morphism of C*-b-algebras 

lnd m2 (S): (K^QpHa, [|/3> 2 C</3| 2 ]) ^ (K^H a ^H s , [|/3> 2 <5(C)</3| 2 ]). 

b b fa 

Denote by the composition of this (iso)morphism with the isomorphism Ad^y*) 

and let 5^ = (£*id)o<5 = (id*A)o<5. Let a; = (5(c) (1 ® SC/aC/) e [|/3> 2 C</?| 2 ], where 

fa 

c e C, a 6 A, a 6 A By Lemma 13.71 
*(x) = Ad (w *)(^ (2) (c)(l®l(x)SC/aC/)) = (<5(c)®l)(l® A(a))(l®l®£/aC/)- 

b fab bt b b fat 

Consequently, *([|/3> 2 C^/3| 2 ]) = C x r ^ » r A The relations C » r A x r A = 
(K^®aH s<E> a Hs.,C x r A x r A) and (1 ® V*)(~{ >a>S)=7> / 9>S imply that 

fa P bt b 

^ is a morphism of C*-b-algebras as claimed. Using the definition of 5, Proposition 
13.51 and Lemma 13.7} we find 

6(^{x)) = {5{c) ® 1 ® 1)(1 ® A(a) ® 1)(1 ® 1 ® Ad (l/(g)1) (A(a))) 

bt fa fa fa b bt V ; 

= Ad (w * (gl) ((<5 (2) (c) ® 1)(1 ® 1 ® a ® 1)(1 ® 1 ® Ad (W (A(o)))) 

b b b fabfa fab b 

= (* * id) ((5(c) ® 1)(1 ® S ® 1)(1 ® Ad ([7(gl) (A(a)))) 

fa fa fa fa 6 

= (* *id)((l®Sy)(5 (2) (c)(l®l®aC/aC/)(l®y*S)) 

b fa fa b 

= (^*id)((i®sy)(ind| /3>2 (5)(x))(i®y*s)). □ 
5 The C*-pseudo-Kac system of a groupoid 

For the remainder of this article, we fix a locally compact, Hausdorff, second count- 
able groupoid G with a left Haar system A. In [28J, we associated to such a groupoid 
a regular C*-pseudo-multiplicative unitary V and identified the underlying C*- 
algebras of the Hopf C*-bimodules (A, A) and (A, A) of V with the function algebra 
Co(G) and the reduced groupoid C*-algebra C*(G), respectively. We now recall this 
construction and define a symmetry U such that (V, U) becomes a C*-pseudo-Kac 
system. For background on groupoids, see [T9j 122], 

Denote by A -1 the right Haar system associated to A and let jitbea measure on 
the unit space G° with full support. We denote the range and the source map of G 
by r and s, respectively, let G u := r~ l (u) and G u : = s _1 (u) for each u e G°, and 
define measures u, v~ l on G such that 

\ fdu=\ \ f(x)d\ U (x)d(l( U ), f /d!/- 1 =f f f(x)d\~ 1 (x)dfl(u) 
JG JG° JG U JG JG° JG U 
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for all / 6 C C (G). We assume that p is quasi-invariant in the sense that v and v 
are equivalent, and denote by D := dv/dv -1 the Radon-Nikodym derivative. One 
can choose D such that it is a Borel homomorphism, see |19} p. 89], and we do so. 

We identify functions in C b {G°) and Ci{G) with multiplication operators on 
the Hilbert spaces L 2 (G°,p) and L 2 (G», respectively, and let £ = L 2 (G°,p), 
<B = ®t = C (G°) c C(ft), b = (J?,®,®*) = b, H = L 2 {G,v). 

Pulling functions on G° back to G along r or s, we obtain representations 
r*: C (G°) -» C b (G) C(H) and s*: C (G°) -» C b (G) ^ C{H). We define 
Hilbert C*-Co(G°)-modules L 2 (G,X) and L 2 (G, A -1 ) as the respective completions 
of the pre-C*-module C C (G), the structure maps being given by 



respectively, for all 6 C C (G), u e G°, / 6 Co(G°). Then there exist isometric 
embeddings j: L 2 (G,X) -> £(&,H) and j : L 2 {G,X~ l ) -» C(ft,H) such that 

(j(O0(z) = e(s)c(r(x)), (5'(0C)(x) = e(x)^- 1/2 (x)c( S (x)) 

for all £ 6 C C (G), ( e C C (G°). Let a = (3 := j(L 2 (G, A)) and a = (3 := j{L 2 (G, A" 1 )). 
Then (H,a, ft, a, 0) is a C*-(b, b^, b, b^)-module, p a = Pp = r* and pa = Pfi = s*, 

and j(£)*j(£') = <£|0 and j^V) = ( V \rf) for all £ L 2 (G,X), V , V > e 
L 2 (G, A -1 ) [28]. 



The Hilbert spaces Hz® a H and H a ®pH can be described as follows. Define 



H s ® a H -» L 2 (G s x r G, v 2 ) and $ ': H a ®RH -> L 2 (G r x r G,v 2 ) 

such that for all 7/,f 6 C C (G), ( 6 C C (G°), 

© C © (x, y) = r,{x)D- 1 l 2 (x)as{xm{y), 



From now on, we use these isomorphisms without further notice. 

Theorem 5.1. There exists a C* -pseudo-Kac system (V,U) on (H,a, /3,a, (3) such 
that for all u e C c (G s x r G), (x,y) e G r x r G, £ e C C (G), zsG, 






(11) 



for all / 6 C c (G s x r G), g e C c (G r x r G). Then there exist unitaries 



(Vu))(x, y) = oj(x, x 



-i 



y) and (U£)(x) = ftaT 1 )!^)- 1 ^. 



(12) 
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Proof. By [28} Theorem 2.7, Example 5.3 ii)], there exists a regular C*-pseudo- 
multiplicative unitary V as claimed. The second formula in (|12p defines a unitary 
U £ £{H) by definition of the Radon-Nikodym derivative D = dv/dis^ 1 , and U 2 = 
id because (U 2 0(x) = (t/0(s _1 )^(^)" 1/2 = ^{x)D(x) 1 / 2 D(x)- 1 / 2 = for all 
£ e C C (G) and ieG. The unitary V = EC/iVC/iE is equal to V op = because 

(^imw)(a;,y) = (VU 1 co)(x- 1 ,y)D(x)- 1 / 2 
= (U l uj)(x-\xy)D(x)- 1 / 2 
= u)(x,xy)D(x~ 1 y 1 / 2 D(x)-V 2 = u}(x,xy) 

for all u) e C c (G r x r G), (x,y) e G s x r G. In particular, V is a regular C*-pseudo- 
multiplicative unitary. It remains to show that the map Z := YXJ2V : Hz® a H — > 

Hs® a H satisfies Z 3 = 1. But for all w 6 C c (G s x r G) and (x,y) 6 G s x r G, 

(Z 3 a;)(x,y) = (Z 2 c)(y,y- 1 x- 1 ) J D(x)- 1 / 2 

= (Z^)(y- 1 x- 1 , xyy- 1 ) (D(x),D(y))- 1/2 

= w(j;,x- 1 xy)(L>(x)Li(y)L>(y- 1 j;- 1 )) _1/2 = w(x,y). □ 

The Hopf C*-bimodules („4, A) and (.A, A) associated to V can be described as 
follows [Ml Theorem 3.22]. Given g e C C (G), define L(g) e C*{G) c £(#) by 

(L(g)f)(x)= f y(z)/(z- 1 x) J D-V 2 (z)dA^)(z) 
Jew 

for all a? 6 G, / 6 C C (G) c L 2 (G, 1/) = IT. Then 

A = C (G) c C(H), (A(/) w ) (x, y) = /(xy)w(x, y), (13) 
A = C r *(G), (A(L(y)y)(x',y')= f <7(*)£>~ 1/2 (z)u/ (z~V, z~V) dA u '(z) 

for all / e Cq(G), uj e C c (G s x r G), (x,y) e G s x r G and y e C C (G), uj' e C c (G r x r G), 
(x',y') 6 G r x r G, where it' = r(a/) = r(y'). We shall loosely refer to Cq(G) and 
C*(G) as Hopf C*-bimodules, having in mind (A, A) and (A, A), respectively. 

6 Actions of G and coactions of Cq(G) 

Let G be a groupoid and consider Co(G) as a Hopf C*-bimodule as in the preceding 
section. Then coactions of Cq(G) can be related to actions of G as follows. Let us 
say that a tuple (F, G, 77, e) is an embedding of a category C into a category D as 
a full and coreflective subcategory if F: C — » D is a full and faithful functor and 
G: D — » C is a faithful right adjoint to F, where n: idc — * GF is the unit and 
e: FG — > idn is the counit of the adjunction; see also [181 PV.3]. In this section, we 
construct such an embedding of the category of actions of G on continuous Co(G )- 
algebras into the category of certain admissible coactions of Cq(G). We keep the 
notation introduced in the preceding section. 
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Co (G°) -algebras and C*-b-algebras We shall embed the category of admis- 
sible Co(G°)-algebras into the category of admissible C*-b-algebras as a full and 
coreflective subcategory. 

Recall that a Co(X)-algebra, where X is some locally compact Hausdorff space, 
is a C*-algebra C with a fixed nondegenerate *-homomorphism of Cq(X) into the 
center of the multiplier algebra M(C) [61 [T3]. We denote the fiber of a Cq(X)- 
algebra C at a point x e X by C x and write the quotient map p x : C — > C x as 
c h> d. Recall that C is a continuous Co(X)-algebra if the map X — » M given 
by x i — > || is continuous for each c e C. A morphism of Co(X)-algebras C, D is 
a nondegenerate *-homomorphism 7r: C — > M(D) such that vr(/c) = /vr(c) for all 
/eCoPQ, ceC. 

Definition 6.1. VFe caW a Co(G°)-algebra C admissible if it is continuous and if 
C u for each u 6 G°, and we call a C* -b-algebra C^ K admissible if [p^(Co(G°))C] = 
C and [C7] = 7. A morphism between admissible C* -b- algebras C]^, D e L is a 
semi-morphism ir from to M(D) e L that is nondegenerate in the sense that 
[tt(C)D] = D. Denote by Co(G°)-alg a the category of all admissible Co(G )- 
algebras, and by C*-b-alg a the category of all admissible C* -b- algebras. 

Lemma 6.2. i) Let C^ K be an admissible C* -b-algebra. Then C is an admissible 
Co(G°) -algebra with respect to p 7 . 

ii) Let it be a morphism between admissible C* -b-algebras C^ K and D e L . Then ir 
is a morphism of Co(G°)-algebras from (C, p 7 ) to (D,p e ). 

Proof, i) The subalgebra /3 7 (C (G )) c M(C) is central because C c C(K y ) c 
/9 7 (Co(G ))'. The map C <-» C(Kj) ^ £(7) is a faithful field of representations in 
the sense of [U Theorem 3.3], and therefore C is a continous Co(G°)-algebra. We 
have C u ^ for each u e G° because otherwise C = [CL U ], where L u = Co(G°\{u}), 
and then [7*7] = [7^7] = [7*/ u C7] = [7*7^] = L u + C (G°), contradicting the 
fact that Kj is a C*-b-module. 

ii) This follows from [271 Proposition 3.5]. □ 

We embed C (G°)-alg a into C*-b-alg a using a KSGNS-construction for the 
following kind of weights. 

Definition 6.3. A Co(G°)-weight on a Cq(G ) -algebra C is a positive Co(G°) -linear 
map 4>: C — > Co(G°). We denote the set of all such Co(G°) -weights by W(C). 

Let C be an admissible Co(G°)-algebra. The results in [3] imply: 
Lemma 6.4. n^W(C) W = {«} and [U eW(C) HQ] = C (G°). □ 

Let <fi 6 W(C). Then <f> is completely positive [201 Theorem 3.9] and bounded 
[T6j Lemma 5.1]. Let = C ©^ & (see Section [1]) and define rj^: C — > C{E ( j > ) and 
^ : C -> by n^(c)(d ©^ C) = cd©<f>( and ^(c)( = c ©4, C f° r all c,d e C, 

( e R. One easily verifies that for all c,d 6 C, / 6 Co(G°), C 6 

i*(c)%(d) = #c*d), l (/> (c)f = l^cf), 
M c )( d ©^ /C) = cdf ©^ C = W( c /)( d ©<A 0- 
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The universal Cq(G°) -representation rjc- C — » C(Eq) of C is the direct sum of the 
representations 77^: C —> £(E$), where eft e W(C). Denote by lc £ £(&,Ec) the 
closed linear span of all maps Z^(c) : ^ — > <-> Ec, where c€ C, (ft € W(C). 

Lemma 6.5. Vc(C) l § c is an admissible C* -b-algebra and rjc * s ari isomorphism of 
Cq(G q )- algebras from C to (rjc(C), pi c ). 

Proof. The definition of ic, the equations (fbi|) and Lemma [63] imply that [Zc-&] = 
£ = £c, = [U0(C)1 = Cq(G°) and [ZcC (C )] = Zc, whence (£c,fe) 

is a C*-b-module, and that [r]c(C)p lc (Co(G ))] = [rjc(CC (G ))] = f] C (C) and 
[r]c(C)lc] = lc, whence r/c(C) l ^ c is an admissible C*-b-algebra. Lemma l6~il implies 
that rjc is injective and hence an isomorphism of C onto T]c(C), and the last equation 
in (HID implies that r}c(c)p 1 (f) = vc(cf) for all c 6 C, / 6 C (G°). □ 

Theorem 6.6. There exists an embedding (F, G, 77, e) q/Co(G°)-alg a into C*-b-alg a 
as a full and coreflective subcategory such that 

i) F is given by C 1— » Vc(C) l ^ c on objects and by Fir: rjc(c) 1— > 77.0(^(0)) /or eac/i 
morphism it between objects C , D in Co(G°)-alg a ; 

ii) G is given by CP K 1— > (C, p 7 ) on objects and ir 1— > 7r on morphisms; 
Hi) Vc is defined as above for each object C in Co(G°)-alg a ; 

iv) ec = t/qJ, for each object C in C*-b-alg a . 

Proof of Theorem\6Jh The functor G: C*-b-alg a -> C (G°)-alg a is well defined 
by Lemma 16.21 and evidently faithful. 

Let C be an admissible Co(G°)-algebra, T> = D^ K an admissible C*-b-algebra, 
and 7r: C — » GT> a morphism in Co(G°)-alg a . We claim that iron^ 1 is a morphism 
from FC to V in C*-b-alg a . Let f e 7. Then the map 0: C -> C (G°) c 
given by c 1— > £*7r(c)£ is a Co (G )- weight, and there exists an isometry S : E^ — » if 
such that 5(c () = 7r(c)£( for all c 6 C, C e & Denote hy P: E c ^> E^ the 
natural projection. Then [SP/c] = |>>^(G)] = LMGX] nes i n 7 an d contains £, 
and SPr]c(c) = Sr]^(c) = tt(c) for each c e C. Since ^67 was arbitrary, the claim 
follows. 

Using Lemma 16.51 we conclude that F is well defined and that n is a natural 
isomorphism from id to GF. Indeed, if n : C — > D is a morphism in Co(G°)-alg a , 
then Ftt =^010 77^ 1 is a morphism from FC to FD by the argument above. 

Finally, let T> be an admissible C*-b-algebra. The argument above, applied to 
the identity on GT>, yields a morphism ex> from FGP to T> in C*-b-alg a such that 
the composition GT> ??GP > GFGT> G<sp > GT> is the identity. Since n is a natural 
transformation, also e: FG — > id is one. For each admissible Co(G°)-algebra C, the 

composition FC Fr?c > FGFC 6FC > FC is the identity by construction. From |18|. 
§IV.2 Theorem 2], we can conclude that F is a left adjoint to G such that r\ and 
e form the unit and counit, respectively, of the adjunction. Since n is a natural 
isomorphism, F is full and faithful |18|. §IV.3 Theorem 1]. □ 
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Actions of G and coactions of Cq(G) We next embed the category of ad- 
missible actions of G as a full and coreflective subcategory into the category of all 
admissible coactions of Go(G). 

The definition of an action of G requires the following preliminaries. Given 
Co(G°)-algebras (G, p) and (D,a), where D is commutative, we denote by C p \E\a 
D the Go(G°)-tensor product [5], and drop the subscript p or a if this map is 
understood. Given a Go(G°)-algebra C and a continuous surjection t: G — > G , we 
consider C (G) as a C (G°) -algebra via t* : G (G°) -> M(G (G)) and let t*C : = 
C [x]t* Cq(G), which is a Go(G)-algebra in a natural way. Each morphism tt of 
Go(G°)-algebras C,D induces a morphism of t*ir of Go(G)-algebras from i*G to 
t*D via c[x]/ i — ^ 7r(c) [x]/. An action of G on a Go(G°)-algebra C is an isomorphism 
a: s*C — > r*C of Go(G)-algebras such that the restrictions of a to the fibers satisfy 
o~ x ° o~ y = a xy for all (x,y) e G s x r G [TT]. A morphism between actions (G, o~ c ) 
and (D,o~ D ) of G is a morphism of Go(G°)-algebras tt from C to D satisfying 
<7 D O S*TT = r*7r o a c . 

Definition 6.7. We call an action (C,a) of G admissible if the Co(G°)-algebra 
C is admissible, and we call a coaction (C^,5) of Cq(G) admissible if is an 
admissible C* -b- algebra and [5(C)(1 (g) C Q (G))] = C®C (G) in £(K y ® a H). 

b b b 

Remark 6.8. If a is an action of G on a continuous Go(G°)-algebra, then the subset 
Y := {u e G° | C u =fi 0} c G° is open, C is an admissible Co(y)-algebra, and a 
restricts to an action of the subgroupoid G\y := {x e G | r(x), s(x) s Y} c G. 

Lemma 6.9. Let C^ K and D e L be admissible C* -b- algebras, where D is commutative. 
Then there exists an isomorphism C Pl \E\p c D — > G 7 (x) e D, c\x\ d \-^> c<£) d. 

b b 

Proof. Use [5j Lemma 2.7] and apply [5] Proposition 4.1] to the field of representa- 
tions C >C(K 7 ) ^ £(7), noting that 7©p £ L> = [|7)iL>] as a Hilbert G*-L>-module 
via | © d i-> and that (G 7 ® e L>)[|7>iL>] c [|7>iL>]. □ 

b 

We use the isomorphism above without further notice. 

Proposition 6.10. i) Let (CZ-,8) be an admissible coaction of Gq(G). There 

exists a unique action as of G on (G, p 7 ) given by c [x] / i— > <5(c) (1 ® /). 

b 

ii) Let (G, a) 6e an admissible action of G. There exists a unique admissible, 
injective coaction 5 a of Cq{G) on FG given by r]c(c) >-» {r*ric){o-(c \x\ 1)). 

Proof, i) Since 5(C) and l®Go(G) commute, there exists a unique *-homomorphism 

b 

a from the algebraic tensor product G©Go(G) to r*C such that a(cQf) = 5(c) (I® 

b 

f) for all c 6 G, / e Go(G). Since 5 is a coaction, 8(cp 1 (g)) = 5(c)p^^(g) = 

5(c)(l ®s*(g)) for all g e Gq(G°). From fSJ Lemma 2.7], we can conclude that <r 
b 

factorizes to a *-homomorphism cr = a$: s*C — > r*G satisfying the formula in i). 
This a is surjective because [5(G)(1 ® Go(G))] = G ® Go(G). In particular, a x is 

b b 

surjective for each x 6 G. We claim that a x o a y = a xy for all 6 G s x r G. 

Define ri : G s x r G — > G° by r(x). By Lemma 16.91 we have isomorphisms 
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C 1 ® a C (G) ! s® a Co(G) C r * C (G) S * r * C (G) C r * C (G s x r G) rfC. 

b p b 1 



Using formula (|13fl . we find 

o o Ps , y s = a x op y o5 = p( Xjy ) o (<5 * id) o 5, 

(15) 

° Ps(y) = Pxy°0~ = P(x,y) ° (id *A) o (5, 

and the claim follows. Finally, <t u = idc u for each u s G° because a u is surjective 
and idempotent, and a x is injective for each x e G because = o x -\ o a x is 

injective. Therefore, cr is injective. 

ii) Let D := n c (C)i c ® a Co(G). Then V := ((E c )i c ® a Hs, D) is an admis- 

sible C*-b-algebra. Define 5: C —> D by c >-> (r*rjc)(cr(c 1)). Let c e C, 
g e C (G°). Then eg 1 = c s*( 5 ) in M(C S * C (G)) and therefore 6 (eg) = 
S(c)(l ®s*(g)) = 8(c)p n 3x(<?). Consequently, (5 is a morphism of Co(G°)-algebras 

from C to (D,p lc> p) = GT>. By definition of F and e, the morphism 5 CT : = 
€■£> o F5: FC — > FGT> — > T> satisfies S a o ijc = 5, and a similar calculation as 
in (fT5|) shows that (5 CT * id) o 5 a = (id* A) o 5 a . Consequently, S a is a coaction 
of (A, A). Since a is injective, so are 5 and S a . Finally, 5 CT is admissible because 
[5 a (vc(C))(l®C (G))] = (r* Vc )(a(s*C)) = r* Vc (C) = [vc(C) ®C (G)]. □ 

b b 

Corollary 6.11. Every admissible coaction ofCo(G) is injective, left-full, and right- 
full. 

Proof. If (Cft, 5) is an admissible coaction, then [5(C)|a>2] = [5(C) (l®Co(G))| 0)2] = 
[(C ® C (G))\a) 2 ] = [\a) 2 C] and [5(C7)| 7 >iCb(G)] = [5(C) (1 ® C (G)) | 7 )i] = 
[(C®C (G))| 7 >i] = [| 7 >iC (G)] because [C (G>] = a and [C 7 ] = 7. Finally, 

b 

5 is injective because 05 is injective and 5(c) = as(c 1) for all c e C. □ 

Proposition 6.12. Let (C,S C ), (D,5 V ) be admissible coactions with associated ac- 
tions a c = a s c, a v = o 8 t>, and let vr e C*-b-alg a (C, V) = C (G )-alg a (GC, GV). 

Then (tt * id) o 5 C = 3 d o tt if and only if r*ir o cr c = o s*tt. 

Proof. Write C = C^ K . The assertion holds because for all c s C and / 6 Co(G), 

((vr*id)(5 c (c)))(l®/) = (vr*id)(5 c (c)(l®/)) = (r*vr o a c )(c /), 
b b 

5 v (ir(c))(l®f) = a v (ir(c)®f) = (a v o s*ir)(c /). □ 
b 

We denote by G-act a and Coact^ the categories of all admissible actions of 
G and all admissible coactions of Co(G), respectively. 

Theorem 6.13. There exists an embedding (F,G,r), e) o/G-act a into Coact^w^ 
as a full and coreflective subcategory such that 

i) F is given by (C, cr) 1— » (FC, 5 CT ) on objects and tt \—> Fir on morphisms; 

ii) G is given by (C,6) 1— > (GC,o~s) 071 objects and tt 1— > Gtt = tt on morphisms; 
Hi) V(c,a) = Vc an d £(C,6) = e c f or a H objects (C, cr) and (C,8). 
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Proof. The assignments G and F are well defined on objects and morphisms by 

Proposition 16.101 and RTT21 For each admissible action (G, cr), we have that rjc e 

G-act a ((G,<r),GF(G,a)) because a Sa (vc(c) ® f) = ^(r ?c (c))(l <g> /) = r*r, c (o-(c 

fa 

/)) for all c 6 G, f 6 Cq(G), and Proposition 16.121 implies that eq = r?Q^ £ 
Coact^ o ^ G ^(FG(C, <5), (C, 5)) for each admissible coaction (C,5). Now, the asser- 
tion follows from Theorem 16.61 □ 



Comparison of the associated reduced crossed products The reduced 
crossed product for an action (G, a) of G is defined as follows [T7]. The subspace 
C c (G;C,a) := C c (G)r*C c r*G carries the structure of a *-algebra and the struc- 
ture of a pre-Hilbert G*-module over C such that 

(ab) x = \ a y a y (b y -i x )d\ r( - x \y), (a*) x = a x (a* x ^), 

{a\b) u = o- y ((a y -i)*b y -i)d\ u (y) = (a*b) u , (ac) x = a x a x (c s{x) ) 

for all a, b e G C (G;G, <r), u e G° and c e C, x e G. Denote the completion 
of this pre-Hilbert C*-module by L 2 (G, A -1 ; C, a). Using the relation (a\bd) u = 
(abd) u = (b*a\d) u , which holds for all a,b,d e C c (G;C,a), u e G°, and a routine 
norm estimate, one verifies the existence of a *-homomorphism tt: C c (G;C,a) — > 
r^fG.A-^C.ff)) such that vr(&)d = bd for all 6, d e C c (G;C,a). Then the re- 
duced crossed product of (C, a) is the G*-algebra C x CT)r G := [7r(G c (G; C, <t))] c 
£(L 2 (G, A _1 ;C,o-)). 

Proposition 6.14. Let (CX,<5) be an admissible coaction of Cq(G), consider C 
as a Co(G°)-algebra via p~, and let a = as- Then there exists an isomorphism 
C x as ,r G -> C x r C*{G) given by vr(c M f) >-» 8(c) (id ®*7£ (f)U) for all c e C, 

feC c (G). 

Proof. Let 5\j := Ad/y oS : C — > C(K 1 ®s L H). We equip C C (G;C, a) with the 

b fa 

structure of a pre-Hilbert C*-module over C such that {a|6) u = \ G (a x )*b x d\~ 1 (x) 
and (ac) x = a x c s M for all a,b e G C (G;G, a), c e G, u e G°, and denote by 
L 2 (G, A _1 ;G) the completion. One easily checks that there exists a unique uni- 
tary L 2 (G, A" 1 ,^) - [|5> 2 G] = [^(G)|5> 2 >] given by c / -> |5(/)> 2 c 5 and 
that for all c 6 G, / 6 G C (G), y e G, 

* -1 (M<0|j(/)>2),, = o- y -i(c r(y) )f(y). 

Hence, there exists a unitary ^: L 2 (G, A -1 ; G, <r) — > [5[/(G)|5)2)] given by eg 
/ -» Mc)|i(/)>2. Let c,d 6 G, /,<? 6 G C (G) and w = r^ffcS/)). Then 
<5 C /(d)(id®L(#))<I' = ^7r(d 5) because for all x e G, 

b 

$- 1 (5 [7 (d)(id® J L( 5 ))$(a;)) :E = I a^iid^gixy-^UydX-^y) 
b JG U 

o- x -i(d r{xy -i ) g(xy- 1 )a xy -i(c T{y) )f(y))d\- 1 (y) 
= «D- 1 (^(7r(d0< 7 )(c0 f))) x . 
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Since d e C and g e C C (G) were arbitrary, the assertion follows. 



□ 



7 Fell bundles on groupoids 

We now gather preliminaries on Fell bundles that are needed in Sections [8] and [9j 
We use the notion of a Banach bundle and standard notation; a reference is [8|. 

Fell bundles on groupoids and their C*-algebras We first recall the 
notion of a Fell bundle on G and the definition of the associated reduced C*-algebra 
[13] . Given an upper semicontinuous Banach bundle p: T — > G, denote by J 70 the 
restriction of T to G , by FspXrpJ 7 the restriction of T x T to G s x r G, by F x for 
each x e G the fiber at x, by r c (J r ) the space of continuous sections of T with 
compact support, and by ro(J r0 ) the space of continuous sections of J 70 that vanish 
at infinity in norm. 

Definition 7.1. A Fell bundle on G is an upper semicontinuous Banach bundle 
p: T — > G with a continuous multiplication T sp x rp T — > J 7 and a continuous invo- 
lution *: J 7 — > J 7 snc/i i/ia£ /or a// e e T , (ei, e2) 6 T sp x rv T , (x, y) e G s x r G, 

i) p(eie 2 ) = p(ei)p(e 2 ) and p(e*) = pie) -1 ; 

ii) the map T x x T y —> J- xy , (e^, e 2 ) h-» e^e^, is bilinear and the map T x —> J- x -i, 
e' i— > e'*, is conjugate linear; 

Hi) (eie 2 )e 3 = ei(e 2 e 3 ), (eie 2 )* = e|ej, and (e*)* = e; 

iuj ||eie2 1| S; ||ei||||e2||, ||e*e|| = ||e|| 2 , and e*e ^ in i/te C* -algebra ^F s (p(e))- 

We call T saturated if [T x T y ] = T xy for all (x,y) e G s x r G, and admissible if 
ro(J 7 °) is an admissible Co(G )- algebra with respect to the pointwise operations. 

Let J 7 be a Fell bundle on G. The associated reduced C*-algebra is defined 
as follows. The space r c (J 7 ) is a *-algebra with respect to the multiplication and 
involution given by 

(cd)(x) = f c(y)d(y- 1 x)d\ r (*\y)= f c(xz- 1 )d(z)dX, 1 (z) (16) 
Jew Jg s(x) k ' 

and c*(x) = c(x -1 )*, respectively, and a pre-Hilbert C*-module over ro(J 7 °) with 
respect to the structure maps 

(c\d)(u) = f c(xyd(x)d\- 1 {x) = (c*d)(n), (ce)(x) = c(x)e(s(x)), 

where c,d e r^J 7 ), e € Top 70 ), x e G. Denote by T 2 (T, A -1 ) the completion of this 
pre-Hilbert C*-module. Then there exists a *-homomorphism 

L T : V C {T) -> C{T 2 (F, A -1 )), L T (a)b = ah for all a, b e r c (J"), 

and C*(r) := [L T (T C (T))] c £(r 2 (J", A -1 )) is the reduced C* -algebra of T. We 
identify T^J 7 ) with Ljr(T c (J)) c C*{T) via L^. 

We equip r c (J 7 ) with the inductive limit topology; thus, a net converges if it con- 
verges uniformly and if the supports of its members are contained in some compact 
set. We shall frequently use the following general result; see [HI Proposition 2.3]. 
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Lemma 7.2. Let £ be an upper semicontinuous Banach bundle on a locally compact, 
second countable, Hausdorff space X and let V c T c (£) be a subspace such that 

i) V is closed under pointwise multiplication with elements ofC c (X); 

ii) {f(x) | / e r'} c £ x is dense for each x e X. 

Then V is dense in T c (£ ). □ 

Given / e T C {JF) and 5 6 r (J°), define fg,gf e F C (T) by (fg)(x) = f(x)g(s(x)), 
(9f)( x ) = 9( r ( x ))f( x ) f° r an x € G. Using the relation [~F X ] = \F x F*Fx\, where 
x e G, and Lemma \7.2\ we find: 

Lemma 7.3. F c ('F)To('P ) ) and To(J r0 )T c (J r ) are linearly dense in T^J 7 ). □ 

The multiplier bundle of a Fell bundle Given a Fell bundle T on G, we 
define a multiplier bundle Ai(J-) on G, extending the definition in \12\ §VIII.2.14]. 
Given a subspace C c G, we denote by T\c the restriction of T to C. 

Definition 7.4. Let x e G. A multiplier of J- of order x is a map T: J-\ Ga ( X ) — > 
F\c<r(x) such that TTy c J 7 ^ for all y e G s ^ and such that there exists a map 
T* : T\ G r(x) — > T\ G a(x) such that e*Tf = (T*e)*f for all e e T\ G r(x), f e T\ G s(x). 
We denote by M.{J-) X the set of all multipliers of T of order x. 

As for adjointable operators of Hilbert C*-modules, one deduces from the defi- 
nition the following simple properties. Let x e G. Then for each T e A / i{J-) x , the 
map T* is uniquely determined, T* e M(F) x -i, and T** = T. Moreover, each 
T e A4(J- X ) is fiberwise linear in the sense that T(ne + f) = uTe + Tf for all keC, 
e,feT y ,ye G s{ - X \ The restrictions T s ^ : -> T x and (T*) x : T x -» J 7 ^ are 

adjoint operators of Hilbert C*-modules over "F 8 f x ), and since F y = \F r t y )Fy\ for 
each y s G s ( x \ the map M.{F) X —> C('F s m,'F x ), T h- > T s m, is a bijection. Clearly, 
we have a natural embedding T x .A/f (J 7 )^,, where each f s F acts as a multiplier 
via left multiplication. For each y e G s ( x \ we have M{F) x M{J r ) y Q MiJ 7 )^, and 
for each / 6 ~F Z , z e G r ^, we let fT := (x*f*)*. 

Definition 7.5. For each x s G, consider M(J-) X as a Banach space via the identi- 
fication with £('F S ( X ),'F X ). Let M( 'F) = \\ xeG M{F) X and denote byp: M.{T) — * G 
the natural map. The strict topology on M(J-) is the weakest topology that makes 
p and the maps ^(J 7 ) — » T of the form c ^> c ■ d(s(p(c))) and c i— > d(r(p(c))) ■ c 
continuous for each d e r c (J r0 ). Denote by T C (M.(F)) the space of all sections that 
are strictly continuous, norm-bounded, and compactly supported. 

Remark 7.6. The bundle A4(J~) satisfies all axioms of a Fell bundle except for the 
fact that it is no Banach bundle with respect to the strict topology unless M(J-) = 
T . Indeed, for each u e G°, the subspace topology on A4(J r ) u = C{F U ) = M(F U ) is 
the strict topology and coincides with the norm topology only if M{F U ) = T u . 

Given / 6 T C (M(T)) and g 6 r (J°), define fg,gf e T C (F) by (fg)(x) = 
f(x)g(s(x)), (gf)(x) = g{r(x))f(x) for all x e G again. 

Lemma 7.7. i) Let c e T C (M(J-)) and d e T C (T). Then there exists a section 
cd e r c (.F) such that (cd)(x) = \ Gr (x) c(y)d(y~ 1 x) d\ r ( x \y) for all x e G. 
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ii) T C (M.(F)) carries a structure of a *-algebra such that c*(x) = c(x *)* and 
(cd)(x)e = § Gr ( X ) c(y)d(y~ 1 x)ed\ r ^ for all c,ds T C (M{T)), x e G, e e F s ^ x y 

iii) There exists a *-homomorphism L M ^jry. T c (Ai(T)) — > M(C*{F)) such that 
L M(T) (c)L T (d) = L T (cd) for all c 6 F C (M(T)), d e T C (T). 

iv) r c (A^(J 7 )) is closed under pointwise multiplication with elements of C C (G). 

Proof, i) Define cd: G — > J- as above, and let e > 0. Using Lemma 17. 3| we 
find a sequence (g n )n in the span of To(J r0 )T c ('F) that converges to d in the 
inductive limit topology. Since r c (7W(J r ))ro(J r0 ) c r c (.F), the map h n : x i— > 
l G r( x ) c(y)g n (y~ 1 x) d\ r ( x \y) lies in Tc('F) for each n. Using the fact that c has 
compact support and bounded norm, one easily concludes that (h n ) n converges in 
the inductive limit topology to cd which therefore is in r c (J 7 ). 

ii) Note that (cd)(x) is well defined because the map y i— > d(y~ 1 x)e is in r c (J 7 ) 
and thus i) applies. Now, the assertion follows from standard arguments. 

iii) One easily verifies that there exists a representation Lj^yp-y. r c (A^(J 7 )) — » 
C(T 2 (T)) such that L M ^y[c)d = cd for all c 6 r c (.M(.F)), d e r c (J*), and that 
L M ^y[c)Ljr(d)e = cde = Lj{cd)e for all c 6 T^Ai^)), d,e e T^J 7 ). 

iv) This follows immediately from the fact that r c (J r ) is closed under pointwise 
multiplication by elements of C C (G). □ 

Morphisms between Fell bundles Let T and Q be Fell bundles on G. 

Definition 7.8. A (fibrewise nondegenerate) morphism from T to Q is a continuous 
map T ': J- — > A4(G) that satisfies the following conditions: 

i) for each xsG, the map T restricts to a linear map T x : T x — > A4(G) X ; 

ii) T(ei)T(e 2 ) = T{e x e 2 ) and T(e)* = T(e*) for all ( 

6i j 62) & J~ sp x r pJ~ , e E J,' 

Hi) Qx = [T{Fx)G s {x)\ f° r each x e G° . 

Let T be a morphism from T to Q. Then T u : T u — > -M(£/) u is a nondegenerate 
*-homomorphism for each tt £ G°; in particular, ||T U || ^ 1. One easily concludes that 
\\T X || ^ 1 for each x e G. Hence, the formula / 1— > T o / defines *-homomorphisms 
T* : r c (JP) -» r c (M(^)) and T°: r (J°) - M(r (<? )). 

Proposition 7.9. ^ T° : ^(.F ) -> M(r (£ )) is nondegenerate. 

ii) T„.(T C (F))T C (Q Q ) is dense inT c {F). 

iii) T* extends to a nondegenerate *-homomorphism T* : C*(J-) — » M(C*(Q)). 

Proof, i) , ii) This follows immediately from Lemma 17.21 and 17.71 

iii) Part ii) and a straightforward calculation show that there exists a unitary 
tt: Y 2 {F, A" 1 ) © T o r (S°) -» r 2 (£, A" 1 ) such that (tt(/ © g)){x) = T*{f)g for all 
/ e r c (7"), g 6 r (*g°). The map C*(F) -» C(T 2 (g, A" 1 )) given by / ^ tt(/©id)tt* 
is the desired extension. Lemma [7.31 and part ii) imply that [T it (T c ('F))T c (g)] = 

[T,(T c (T))To(g°)T c (g)] = [T c (g)T c (g)] = c*(g). □ 
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8 From Fell bundles on G to coactions of C*(G) 

Let G be a groupoid, V the associated C*-pseudo-multiplicative unitary, and C* (G) 
or, more precisely, (A, A) the associated Hopf C*-bimodule as in Section [5j We 
relate Fell bundles on G to coactions of C*(G) as follows. Let T be an admissible 
Fell bundle T on G. We shall construct a coaction of C*(G) on C*(F) which is 
unitarily implemented by a representation of V, and identify the reduced crossed 
product of this coaction with the reduced C*-algebra of another Fell bundle. Finally, 
we show that this construction is functorial. 

Recall that a representation of unitary V is a C*-(b, b^)-module yK? together 
with a unitary X : K^<S) a H — > K^igjpH that satisfies X(p/ < a) = 7 > a, X(5 > (3) = 

bt b 

5< (3, X{5>j3) = 7 >@, and X12X13V23 = V 23 Xi 2 [281 Definition 4.1]. We construct 
a coaction out of such a representation as follows. 

Lemma 8.1. Let (^K?,X) be a representation of V, let C^ K be a C* -b -algebra 
such that [C, ps(*B)] = 0, define 5: C — > C(K^®/3H) by c <-> X(c ® id)X* , and 

P b bt 

assume that [S(C) (7)1 A] c [|7)i-A] and [5(C) |/5)>2] £ [1/5)2^]. XTien (5 is injective, 

a morphism from (Kj,C) to (Kj(><)pH a ,C~ f * l3 A), and a coaction of (A, A) on CZ-. 

b b 

If the inclusions above are equalities, then 5 is left- or right-full, respectively. 

Proof. Evidently, 5 is injective. It is a morphism of C*-b-algebras because X\£^2C = 
5(c)X\02 for each £ e a, c e C and because [X|a)27] =7^ and [(X| 0)2)* (7x3;)] = 
[(0^2(7 < «)] = 7. A similar diagram as in |28|. Proof of Lemma 3.13] shows that 
(5 * id) ((5(c)) = (id *A)(<5(c)) for each ceC. □ 

The representation of V associated to T Denote by W = W(F (J 7 °)) the 
set of all C (G ,0 )-weights on r (J c<) ) and let 4> e W. 

Lemma 8.2. Xei c, d e r c (J r ). T/ien i/ie map x 1— > s /a.\(c(a;)*d(;E)) Zies in C C (G). 

Proof. The function G — > s*^ 70 given bya;^ c(a;)*d(x) is continuous and has com- 
pact support, and the composition /i: x 1— > <f) s ( x \(c(x)* d(x)) is continuous because 
the map T — > C given by / 1— > (/> p (j) (/) is continuous. □ 

Define Hilbert C*-C (G°)-modules T 2 ^, A; 0), r 2 (.F, A" 1 ; 0) and a Hilbert space 
Kfj, = r 2 (J 7 , z/; 0) as the respective completions of r c (J 7 ), where for all c, d e r c (J r ), 
/ e Co(G°), the inner product (c|d) and the product cf are given by 

»4 *, W (C W .WM, cto)/(r to) ) in case of F^, A; 

»4 *, w (c W . rf (,))dA-(,), in case of F^, A- «, 

and s ( x )(c(x)*d(a;)) dz^(x) in case of r 2 (^", z/; 0). 

Lemma 8.3. [<£|£>] = [0(r o (^°))] /or E 1 e {r 2 (J", A, 0),r 2 (J", A -1 ; 0)}. 
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Proof. Assume that (4>(c*c))(u) for some c e r c (J"°), u e G°. Choose d e r^J 7 ) 
such that d\ G o = c. Then the function on G given by i h 4>s(x){d{x)* d(x)) is 
non-negative and nonzero at u, whence (d\d)>E(u) ^ 0. Now, the assertion follows 
because [(E\E)] and [^To^))] are closed ideals in C (G°). □ 

Let K = ©0 6 yy K<1> an d identify each K<f, with a subspace of K. Given c 6 r c (J r ) 
and / e C (G°), define /c, cf, cD~ l l 2 e T C (T) by 

fc: x <-^> f(r(x))c(x), cf : x <—> c(x)f(s(x)), cD~ x l 2 : x i— > c{x)D~ l l 2 {x). 

Let 6 W. Straightforward calculations show that there exist maps 

j : T 2 {T, A; 0) -» £(£, K4) and j : r 2 (J", A" 1 ; 4>) -> C(A, Kj,) 

such that j^(c)f = fc and j^cjf = {cD~ x l 2 )f for all c 6 r c (.F), / e C C (G°), and 

3<t>( c )*U( d ) = < c l rf >r2(^,A;</>), U( c )*U( d ) = < c l d >r2(j-,A-i ;9 i)for all c,de r c (J"). 

Denote by 7 c if) and 5 c if) the closed linear span of all subspaces 
j^(r (J-", A; 0)) and ^(r^J 7 , A -1 ; </>)), respectively, where <f) e W. Lemmas 16.41 and 
18.31 imply: 

Lemma 8.4. 7 iff is a C*-(b, b^)-module and p 7 (/)(c^)^ = (/c^)^ and p?(/)(c^)^, = 
(c*/)* /or a// / e Cb(G°), (c^ e © r c (.F) c if. □ 

For i = s,r, denote by p^ : Gtx r G — > G the projection onto the first component, 
by J 72 ,. = (p*' 1 ")*^ the corresponding pull-back of J 7 , and by T 2 {F 2 r ,v 2 r ;ct)) the 
Hilbert space that is the completion of r c (J 7 t 2 r ) with respect to the inner product 

<«!„>= f 

JG t x r G 

Straightforward calculations show that there exist unitaries 

$ : Kfi> a H -» © r 2 (J- 2 r , ^ 2 r ; 0), * : if^tf -» © r 2 (.F 2 r , i/ 2 r ; 0), 

such that for all cf) e W, c £ r c (.F), / e C C (G°), g e C C (G), 

• *fo(c)@/©j(s)) is in r 2 (J* r ; ^ 2 r ; 0) and given by (2, y) i-» ((cI)- 1 / 2 )/)(x) 5 (y), 

• *(j>(c) © / © j(g)) is in r 2 (J" 2 r ; u 2 y, (j>) and given by (x, y) ^ (fc)(x)g(y). 

We use the isomorphisms above without further notice. If (T^)^ is a norm-bounded 
family of operators between Hilbert spaces (HY)^ and (-ff|)<£, we denote by ©^7^ e 
£(©</> ©<£#$) tne operator given by (^)^ h-> (T^)^. Similar arguments as 
those used for the construction of V in |28|, Theorem 2.7] show: 

Proposition 8.5. For each 4> £ W, f/iere exists a unitary X^: F 2 (J- 2 r , u 2 r ; (/)) — » 
r 2 (J^ r ,z/ 2 r ;^) suc/i tftai (X^f)(x,y) = f(x,x~ 1 y) for all f e Y c {J^ r ), (x,y) e 
G r x r G. The pair (-yifj, ©^ X^) is a representation ofV. □ 
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The coaction of C*(G) on C*(.F) We apply Lemma IHTTl to the representation 
(ryK-?, X) and obtain a coaction of C*(G) on C*{J-) as follows. 

Lemma 8.6. Let <f> e W. There exists a representation 7r^: C*{J-) — * ^K^) such 
that for all c, d e T^J 7 ), x e G, 

(7r^(c)d)(x) = f c{z)d{z- 1 x)D- l l 2 {z)d\ r{ - x \z) 

and 7r^(c)j^(d) = j^cd) and 7T^(c)/9 7 (/) = tt^(c/) /or a// c,de r c (J"), / 6 C (G' ). 

Proo/. Identify T 2 ^, A" 1 )©^ 2 ^ , /x) with ify via c©/ i-> j (c)/ for all c 6 T C (.F), 
/ 6 C C (G°), and define 71^ by c i— > c id. □ 

Define vr: C*(.F) -> £(if) by c h+ ©^(c). Lemmas El and EM imply: 

Lemma 8.7. The representation it is faithful, ir(C*{F))' 1 K is a C* -b-algebra, and 
[tt(C*(T))S] = 5. □ 

Define 5: tt(C*(T)) -> C(K 7 ®pH) by vr(c) i-» X(tt(c) ®id)X*. Then 5(ir(c)) = 

b bt 

©^ 6(tt(c))^ for each c e C*(F), where <5(7r(c))^ e £(r 2 (J r2 r , z; 2 r ; </>)) acts as follows. 
Lemma 8.8. For all c 6 r c (7"), <ft e W, de T c (F 2 r ), (x,y) e G r x r G, 

(5(7r(c)Ud)(x,y) = f c^z" 1 *, s^D" 1 ^) d A r <*>(z). 
Jet 21 ) 

Proof. The verification is straightforward and similar to the calculation of the co- 
multiplication A on C*(G); see [281 Theorem 3.22]. □ 

Theorem 8.9. (tt(C*(T))'j < ,5) is a very fine and left-full coaction ofC*(G). 

The proof involves the following two lemmas. 

Lemma 8.10. Let <f> e W. There exist maps T^ : T c (F 2 r ) — > C(K^, T 2 (.F 2 r , i/ 2 r ; 0)) 
and S^: r^J 72 ,,) — » C{H,T 2 (F 2 r ,v 2 r ;(f))) that are continuous with respect to the 
inductive topology on T c (F 2 r ) and the operator norm, respectively, such that for all 
c e T c (F 2 r ), d e F C (F), f eC c (G), (x,y) e G r x r G, 

(T4c)d)(x,y) = f c(z,y)d{z- l x)D- l l 2 (z)d\^\z), 

JGr{x) 



JG 

mc)f)(x,y) = 



c(x, z)f(z- 1 y)D- 1 l 2 (z) d\ r ^{z) 

G r (y'> 



Proof. Let c, d, T0(c)d as above. Then 



\\ T <f>( c ) d f = 4>s(x) {d(z 1 1 x)*c(z 1 ,y)*c(z 2 ,y)d(z 2 1 x)) ■ 

JG JG r ( x ) JG r ( x ) JG r ( x ) 

■ D- l l 2 {z l )D- l l 2 (z 2 ) dA r ^(y) dA r ^(zi) dA r ^(z 2 ) &v{x). 
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We substitute x' = z 1 x x, z = z l z%, use the relations Dfa) = D(zi)D(z) and 

Z?- 1 (zi)dA r W(zi)dz^(x) = D- 1 {z 1 )<i\< zl \x)dv(z 1 ) 

= dA^V)^ 1 ^) = d\;l xl) {z x )du{x'l 

and find 

Wc)d|| 2 =f f f f cp s(x) (d(xrc(z 1 ,yrc(z 1 z,y)d(z- 1 x')). 
JG JG r(x/) JG r ( x ') Jg s Oi) 

• D-^iz) d\ s ^\y) dX r ^ (z) dX^ xl) ( Zl ) du(x') 



II 

JG JC 



<j }s{x , ) (d{x')R c {z)d{z- 1 x'))dX< x '\z)dv(x') = {d\^{R c )d) K ,, 

where R c e r c (J 7 ) is given by 

Rc{z)=\ f c(z 1 , y y C (z 1 z,y)dX s ^\y)dX; ( l z] (z 1 ) for all z e G. 
JG r(z) Jg s (-i) v j 

Hence, T^(c) extends to a bounded linear operator of norm ||T0(c)|| 2 ^ ||7r^(i? c )||. If 
(c n ) n is a sequence in r c (J r2 r ) converging to c in the inductive limit topology, then 
the functions R( c —cn) defined similarly as R c converge to in the inductive limit 
topology and hence ||T^(c - c„)|| 2 s$ ||^(ii( c _ Cn ))|| converges to 0. 

The proof of the assertion concerning 5^ is very similar. □ 

Given c,de r c (.F) and / 6 C C (G), define uj c ,d,f 6 FcC^r) by 

(x,y)~ f c(z)d(z- 1 x)/(z- 1 y)dA^)(z). 

Lemma 8.11. T/ie linear span of all elements w c ,d,/ as above is dense in r c (J r r 2 r ) 
mii/i respect to the inductive limit topology. 

Proof. Let (x,y) e G r x r G, e e T x , let C c G r x r G be a compact neighbourhood 
of (x,y), and let e > 0. Since [Jy^) Jx] = Fxi we can choose c',d' e r c (J r ) such 
that \\c'(z)d'(z~ 1 x) — e || < e for all z in some neighbourhood of r{x) in G r ( x K 
Next, we can choose h c , hd, f s C C (G) such that the elements c,d e r c (J r ) given by 
c(z) = c'(z)h c (z) and d(z) = d'(z)hd(z) for all z e G satisfy ||w Cj dj(a;, y) — e|| < e and 
suppu;,^,/ c C A standard partition of unity argument concludes the proof. □ 

Proof of Theorem \8.9l We show that Lemma 18.11 applies. Let (ft e VV, c, d 6 r c (J-"), 
f,g e C C (G). Define ei,e 2 ,e 3 ,e 4 6 F 2 (^ r ,v%y,(ft) and wi, w 2 , w 3 , u; 4 e r c (J^ r ) by 

ei = 5(7r(c))^|j'(/)> 2 d, = c(z)f(z' 1 y) for all (z, y) e G r x r G, 

e 2 = |i(/)>2VT0(c)d, w 2 (z,y) = c{z)f(y) for all (z,y) 6 G r x r G, 

e 3 = |j0(c)>iL(/)y, w 3 (x,z) = c(x)/(z) for all 6 G r x r G, 

e 4 = 5(7r(c)),/ ) |^(d)>iL(/)5, w 4 = w Cid) /. 
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Using Lemma 18.81 we find that for all (x,y) e G r x r G, 

ei (x,y) = f c{z)D- 1 l 2 {z)d{z- l x)f{z- l y)d\^\z) = (T^d^y), 

e 2 (x,y) = f c(z)d(z- 1 x)D- 1 / 2 (z)dX r < x \z)f(y) = (T^ 2 )d){x,y), 
JG r ( x ) 

e 3 (x,y) = c(x) f /(^-^(^(^yJdA'M^ = (S^yXx, y), 

e 4 (^,2/) = f c(z 1 )D- 1 / 2 (z l )d(z^x)(L(f)g)(z^y)d\ r ^(z l ) 
JG T ( X ) 

= f f c(z 1 )D- 1 / 2 (z 1 )d(z 1 - 1 x)/(z 2 )- 

. J D- 1 / 2 (z 2 ) 9 (^- 1 z r 1 y)dA s ^)(z 2 )dA^)(z 1 ) 
= f f c(z 1 )d(zr 1 x)/(z 1 - 1 4) J D- 1 /2(4) 5 (4-i y )dA'-W ( 4 ) dA'-W (zi) 

JG r ( x ) JG r ( x ) 
= (S (j> (uj cA f)g)(x,y). 

By Lemmas 17.21 and 18. 114 sections of the form like ujx,U2,u)3 or U4, respectively, 
are linearly dense in T c (F 2 r ). Therefore, [5(n(C* (F))) ( f ) \a)2] = [r^(r c (J^ r ))] = 
[|«>2^(C*(^))] and similarly [^(G^^G^G)] = [U*=w 5 *( r c(^r))] = 
[|7>iC r *(G)]. □ 

Given g,g' e C C (G), define h g>g > e C C (G) by 

KA Z )=\ ~gbj)g'{z- l y)d\< z \y) for all z e G. (17) 

Lemma 8.12. Let c e T c (^) ; y,y' e C C (G). Then <j( 5 ) | 2 ^(vr(c)) |j(< ? ')>2 = M c ')> 
where c'(x) = c(x)h g ^(x) for all x s G. 

Proof. The operators on both sides map each d e r c (J r ) to the section 

x^ f j ^)c(z)ci(z- 1 x)(7 / (z- 1 y)D- 1 / 2 (z)dA r W(z)dA r W(y). □ 
Jg 7 ^) JG r ( a: ) 

The reduced crossed product of the coaction The bundle F 2 r carries 
the structure of a Fell bundle, and the reduced crossed product tt(C*(F)) x r Cq(G) 
for the coaction 6 constructed above can be identified with C*(F 2 r ) as follows. 

Denote by G x G the transformation groupoid for the action of G on itself given 
by right multiplication. Thus, G x G = G s x r G as a set, (G x G)° = (JtieG°{ u } x 
can be identified with G via (r(y), y) = y, the range map f, the source map s, and the 

multiplication are given by (x,y) h-> xy, (x,y) A y, and ((a;, y), (x',y')) 1— » (xx',y r ), 
respectively, and the topology on G x G is the weakest topology that makes f, s and 
the map (x, y) x continuous. We equip G x G with the right Haar system A 
given by A^G x {y}) = A^fC) for all C c G r(l/) , y 6 G. 

The bundle J" 2 r is a Fell bundle on G x G with respect to the multiplication 
and involution given by ((/, y), (/', y')) >-> (//',y') and (/,y) >-+ (f*,p(f)y). The 
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convolution product in T C (F 2 r ) is given by 

(cd)(x,y) = c(xz~ 1 ,zy)d(z,y)d\~^(z) (18) 

for all c,de T^T 2 ^), (x,y) e G s x r G, because (G x G)g/ Xty \ = G T t y ) x {y} and 
(a^H^y) -1 = {xz~ x ,zy) for all 2 e G rfe) . 

Proposition 8.13. T/iere exists an isomorphism ^(C*^)) x r Co(G') — > C*(T^ r ) 

such that <5(7r(c))(l (x) /) 1— > Lj-2 (d) whenever c e TJJ 7 ), f e CJG), and d(x,y) = 
b 

c(x)f(y) for all (x,y) e G s x r G. 

Let e W. Then the map r*0: r ((J| )r )°) -» C (G) given by (r*0(c))(y) = 
4>r(y)( c ( r (y)^y)) f° r a ll c 6 ^((^r) ) anc l y £ G is a Co(G)-weight. One easily 
verifies that there exists a representation L r *0: C*(J^ r ) — > /^(T^J 72 ^ A -1 ; r*<?i>)) 
such that L r *0(c)d = cd for all c,de ^(Jv 2 ,,). 

Lemma 8.14. There exists a unique unitary Us'- r 2 (J-~ 2 r , A -1 ; r*cp) © H ^ 

T 2 (T 2 r ,v 2 r ;(j)) c K?® a H such that (U^(e © g))(x,y) = e(x,y)g(y)D- 1 / 2 (x) 
fat 

/or a// e e ^(J 72 ,,), 5 6 C C {G), (x,y) e G s x r G. 

ii) o"(7r(c))(l®/)X^ ) L r = X^U^(L r * ( f > (d) ©id) for allc,d,f as in Proposition \8. 13i 
b 

Proof, i) For all e,g as in above, 

||t^(e©<?)|| 2 = f f (f> six) (e(x,y)*e(x,y))\g(y)\ 2 d\;i y) (x)dv(y) = \\e©g\\ 2 . 

JG JGrfy-j 

ii) Let c, d, e, /, g, (x, y) as above and A(/)^, = (1 (x) f)X ( j ) . A short calculation 

shows that (A(f) r f ) U ( j ) (e© g))(x,y) = f(xy)e(x,y)g(y)D~ 1 / 2 (x). Using (fT8|) . we find 

that ((7r^(c) ®id)A(/)^[/ 9i (e©5f))(x,y) is equal to 

bt 

f c(z)f(z- 1 xy)e(z- 1 x,y)g(y)D- 1 / 2 (z)D- 1 / 2 (z- 1 xy)d\ r ^(z) 
= f c(^- 1 )/(^)e(^,y) 5 ( 2 /)^- 1 / 2 (xy)dA; ( l ) (^) 

= \ d(xz-\zy)e(z,y)g(y)D- 1 / 2 (xy)d\; { 1 x) (z) = (U^de © g))(x,y). 

Thus, o>(c))(l®/)A^ = X (7r (c)(8)id)A(/)^ C^ = X^U^L^d) © id). □ 
b bt 

Proof of Proposition \8. 13\ Consider the *-homomorphism 

d>: C r *(J" 2 r ) - C(K^ p H), L Tlr (d) ~ © X^L^d) © id)C/^. 
b 0eW 
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By part ii) of the lemma above, $(C*(T 2 r )) contains [<5(7r(C*(J")))(l ®G (G))] = 

b 

ir(C*(T)) » r Cq(G). The same lemma implies that this inclusion is an equal- 
ity because the map a — » a © id is continuous with respect to the induc- 
tive limit topology on T c (J^ r ) and sections of the form (x,y) i— > c(x)f(y), where 
c e r c (.F), / 6 G C (G), are dense in T C (J^ r ) by Lemma 17^21 Lemma E31 implies that 
[Picker r*(f>] = 0, and therefore $ is injective. □ 

Proposition 8.15. If T is saturated, then C*(J^ r ) = A^r^J 7 , A -1 )). 

Proof. To simplify notation, let T 2 = T 2 ^, A^ 1 ), f 2 = r 2 (jf jT ., A -1 ), T = r (J"°), 
f = r ((T 2 r ) ). There exists a unitary T 2 © s * G (G) -> f 2 such that (*(c© 
f))(x,y) = c(xy)f(y) for all c e T^J 7 ), / e G C (G), e G s x r G, because 

<*(c@/)|¥(</©/')>((r(i/),i/)) = f ^yjV^yJdA^fxjTOO/'d/) 

■JG r(y) 

= W){o\c')Ms(y))f(y) = <c © /|c' © /'>(y) 

for all c, c' e F C (F), f, f 6 C C (G), y e G by right-invariance of A -1 . The *-homo- 
morphism <£: /C(r 2 ) — > £(r 2 ) given by <J/(fc © s * id)^* is injective because 

s* : Go(G°) — » £(Go(G)) is injective, and the claim follows once we have shown that 
$(/C(r 2 )) = C*{T 2 r ). Let 6 Y C {T) and denote by \d)(d'\ e K(T 2 ) the operator 
given by e ^ d(d'\e). Then for all c, /, (:c, y) as above, 

(*(\d)(d'\c©f))(x,y) = f d{xy)d'(zYc{z)f(y)d\^ y) {z) 

= f d(xy)d'(zy(*(c©f))(zy- 1 ,y)d\; ( l j) (z) 

= f d(xy)d , (z'y)*(y(c©f))(z',y)d\;l ) (z'). 

JG r{y) 

Comparing with equation (fTgj) . we find that ^{\d)(d'\ © id)^* = Ljr2^(e), where 
e 6 r^J 72 ,,) is given by e(xz^ 1 , zy) = d(xy)d' {zy)* , or equivalently, by e(x',y') = 
d(x'y')d' {y')* for all (x',y') e G s x r G. Since J 7 is saturated, Lemma [7.21 implies 
that sections of this form are dense in r c (J r2 r ) with respect to the inductive limit 
topology, and since the map e i— > Lj-2 (e) is continuous with respect to this topology, 
we can conclude that $(/C(r 2 )) = f(/C(r 2 ) © id)^* = G f *(J" 2 r ). □ 

Corollary 8.16. If T is saturated, then -n (G* (J 7 )) x r Go(G) andTo^ ) are Morita 
equivalent. 

Proof. One easily verifies that r 2 (J r , A -1 ) is full. □ 

Example 8.17. Let a be an action of G on an admissible Go(G°)-algebra C and 
let 5 a be the corresponding coaction of Go(G) on FG (Proposition 16. lQj) . Then 
there exists an admissible Fell bundle C on G with fibre C x = C r ^ for each x e G, 
continuous sections Tq(C) = r*G, and multiplication and involution given by cd = 
ca x (d), c* = a x -i(c*) for all c e C x , d € C y , (x,y) € G s x r G [15] . and the identity on 
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r c (C) = C c (G)r*C extends to an isomorphism C*(C) —> C x r C. One easily verifies 
that with respect to the isomorphism n(C*(C)) = C*(C) = Cx r G = FC x r C*(G) 
of Proposition 16.141 the coaction of Theorem 18.91 coincides with the dual coaction 
on FC x r C*(G). Moreover, the Fell bundle C is saturated and C*(C) x r Cq(G) = 
FC x r C*(C) x r Co(G) is Morita equivalent to T (C°) = C, as we already know by 
Theorem 14.111 



2 



s.r 



Remark 8.18. The Fell bundle J- can be equipped with the structure of an J- t 
.^-equivalence in the sense of [23] in a straightforward way. 

Functoriality of the construction Let Q, F be admissible Fell bundles on G 
with associated representations ((Kg,jg, 5g),Xg), ((Kj?, 7jr, 5j^),Xjr) and coactions 
(ng(C?(g))]? g ,5g), (7T T (C*(F)y^,5 T ), and let T be a morphism from Q to T. 

Proposition 8.19. There exists a unique morphism T* from (jrg(C* (0))^^, 5g) to 
\^t(C* (J^)) 1 ^, 5jr) that satisfies T*(7rg(a)) = 7rj-(T*(a)) for all a e Y C {Q). 

The proof involves the following construction. 

Lemma 8.20. Let e W(T (T°)), f e T (T°) and define V 6 W(r (£ )) 6y 

i) There exists a unique isometry T± : — > such that T^g = T*(g)f for all 

//e r,.(>'). 

T £M9) = M T *(g)f)> T 4,U(g) = U(T*(g)f), T^(g) = ■K^ ) {T if {g))T^ for all 

g^r c (g). 

Denote also the map Kg —> <— > Kj given by (£,/,' )^' >—> Tl£^ by T^. 

p — """" f 

Hi) T{ is a semi-morphism from (Kg,5g,jg) to (Kjr,5jr,jjr) and (Ti ®id)Xg = 

b 

X T (T^id). 
v fat 

iv) 5 F {Kjr{h)){Tl ®id)8g{-ng{g)) = 6 > (tt t (hT,(g))) (T* ® id) for all h e T C (T), 

fa b 

gsr c (g). 

Proof, i) Uniqueness is clear. Existence follows from the fact that for all g,g' e 

r c (0), 

(T*(g)f\T*(g')f) K ,= f <f> s(x) (f(s(x)yT(g(x)*g'(x))f(s(x)))dv(x) 
J G 

^ s (x)(g(x)*g'(x))du(x) = (g\g) KiI - 



JG 

ii) Straightforward. 

hi) By ii), T^jg c 7jr and T^5g c fa. For all w 6 T c (g^ r ) and (x, y) 6 G r x r C, 
((T/®id)Xga;)(x,y)=a;(x,x- 1 y)/( S (a ; )) = (*>(2* ® id)w)(x,y). 

v b v bt 

iv) By ii) and iii), we have X T (ir T (h) ®id)XUTl ®id)Xg(irg(g) ®'\d)X* = 

bt 9 fa bt 

Xjr(7r^(/iT.( 5 )) ®id)X* (T/ (x) id) for all g e r c (0) and h e r c (JF). □ 
bt v fa 
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Proof of Proposition [8.191 Denote by T £ C(Kg, Kjr) the closed linear span of all 
operators tL where 4> e W^oC^ )) and / e r (-F°). Then Lemma |g~201 and 
Proposition 17.91 imply that Sirg(g) = irj^(T il ,(g))S for all S e T,g 6 r c ((?) and that 



[T7g] = [U^(r,(r c (g))r (^°))] = [Ui (r c (^)) 



TP- 



By Proposition 17.91 T* extends to a nondegenerate *-homomorphism C*{Q) — > 
M(C*(T)). Thus, there exists a semi-morphism T* from 7r e (C*(£))|? to ^(C^J*))^ 

such that T*(irg(g)) = 7Tj^(T^(g)) for all <? e r c (C/). For all h e ^(^(J 7 )), 
g 6 7r e (r c (C?)) 5 5 6 T, 

• (T, * id) (<%(<?)) • (5® id) = ^(/i)(5®id)<5g( 5 ) = 5 T {hfM)(S ®\d) 

fa fa fa 

by Lemma f8. 20 \ and therefore 5j^(h) ■ (T* * id) (&?(<?)) = Sj^{hT st (g)). □ 

Denote by Fell^. the category of all admissible Fell bundles on G, and by 
Coact^*^ the category of very fine left-full coactions of C*(G). 

Theorem 8.21. The assignments J- i— > (TTjr(C*(J-))"^^_,5^) and T \—> T* /orm a 
faithful functor F: Fell^ — » Coact^,*^. 

Proof. Functoriality of the constructions is evident. Assume that FS = FT for some 
morphisms S,T from J 7 to Q in Fell^.. Then the maps S*,T* : r c (J-") — > r c (.M(C/)) 
coincide because 7rg is injective. Since {a(x) \ a e T C {F)} = T x for each x e G 
and S^afx)) = (S*a)(x) = (T*a)(x) = T(a(x)) for each a e F C (F), x e G, we can 
conclude that S = T. □ 



9 From coactions of C*(G) to Fell bundles for 
etale G 

We now assume that the groupoid G is etale [22J in the sense that the set <5 of 
all open subsets U <^ G for which the restrictions rjj = r\u- U — > r(C7) and = 
£/ — > s(C/) are homeomorphisms is a cover of G. Moreover, we assume that the 
Haar systems A and A -1 are the families of counting measures. Then the functor 
F has a right adjoint G and embeds the category of admissible Fell bundles into a 
category of very fine coactions of C* (G) as a full and coreflective subcategory. The 
construction of the functor G uses the correspondence between Banach bundles and 
convex Banach modules developed in [8]. 

The Fell bundle of a coaction of C*(G) Let 5 be an injective coaction of 
C*{G) on a C*-b-algebra C = CP K . Since G is etale, p p ($B>) c C*(G) and S(C)\j)i Q 
[|7)iC*(G)]. For each U e (5, we define a closed subspace 

Cu := {ce [Cp 7 (C (s(U)))] |<5(c)| 7 >i c: [| 7 >iL(C (E0)]} E C, 
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denote by su* '■ Cq{U) — > Cq{s(U)) and rjj* : Cq(U) — * Co(r(U)) the push-forward 
of functions along S[/ and rjj, respectively, and consider Cjj as a right Banach 
Co(i7)-module via the formula c • / := cp 7 (s{/*(/)). Denote by r/(*F) the space of 
all sections of J 7 that can be written as finite sums of sections in Tq(J-\u), where 
U € (55. Then rj(J 7 ) is a *-algebra with respect to the operations defined in (fT6j) . 
and one has natural inclusions r c (J r ) c= r^J 7 ) c C*(F) of *-algebras. 

Proposition 9.1. There exist a continuous Fell bundle T on G and a *-homomor- 
phism l: Tf(J-) — > C such that for each U e &, the map i restricts to an isometric 
isomorphism Tq(J-\jj) — > Cjj of Banach Co(U)-modules. If (J-',l') is another 
such pair, then there exists an isomorphism T: T — > T' such that t'oT, = i. 

The proof requires some preliminaries. First, note that for all c e C, / e Co(G°), 

%p 7 (/)) = %)p (7>ce) (/) = %)(l®p a (/)) = ( 5(c)(l®r*(/)). 

b b 

Lemma 9.2. Let U, V e &. 

i) c ■ f = p-y(ru*{f))c for each c e Cjj and f e Cq(U). 
u) C v Cu c Cyc/, (Q/)* = Ctf-i, and Q/ = [C V C (U)] £ Cy ifU^V. 
Hi) C s nj\ is a continuous Co(s(U))-algebra. 
iv) Cjj is a convex and continuous Banach Cq(U) -module. 

Proof, i) Let c, / as above. Since L(g)r* (s[/*(/)) = r *( r u*(f))L(g) for all g e 
C (U), wehave5(c-/) = <5(c)(l®r*( Sc/ *(/))) = (l®r*(r^(/)))5(c) = <5(p 7 (rt/*(/))c) 

b b 
and by injectivity of 5 also c • / = p 7 (rj/*(/))c. 

ii) Clearly, £(CyC[/)|7>i c | 7 > 1 L(C (FC/)). Using i) twice, we find 

CyQ/ c [C^ 7 (C ( S (y))C (r(f/)))C c/ ] 

= [C vPl (C (s(V) nr(U))Cu) c [Cp 7 (C ( S (yf/)))]. 

Consequently, CyQ/ c CW. By i) again, we have (Q/)* = [p y (C (r(U)))Cu]* £ 
[C / o 7 (C (s(?7- 1 )))], and using the relation 5(C^)|7>i c [| 7 > 1 C r *(G)], we obtain 

S(C^\ih c [|7>i<7|i W|7>i] £ [|7)i^(Co(C/))*<7|i|7)i] = [^(OKO)]- 
If [/ c y, then Q/ c [CyC (C/)] c C v , and CyC o (£0 c Cfr because 

5(C v Co(U))h)i = 5(Cy)l7>ir*(C ( S (C7))) 

— [|7)l^(Co(^)K(C Q ( S (f/)))] = [| 7 > 1 L(Co(f/))]. 

iii) By ii), C a m) is a C*-algebra. Consider (7)1 as a Hilbert C*-module over 
r*(C (G )) * C (G°). Since <5(C G o)| 7 )i ^ | 7 >! and «5(c • /)|»7>i = «5(c)|»7>ir*(/) for 
all c 6 C G o, / 6 Co(G°), 77 6 7, the formula c • |ry)i := 5(c)|r/)i defines a faithful field 
of representations C G o — > £(| 7 )i) in the sense of [HI Theorem 3.3]. Consequently, 
C G o is a continuous Cb(G°)-algebra and C s ^ a continuous Co(s(?7))-algebra. 

iv) Let c, c' 6 Cu and /, /' e C (U) such that ^ /, /' and / + /' < 1. Then 
||c • / + d • /'|| 2 = ||c*c • g 2 + c*c' ■ gg' + c'*c ■ g'g + c'*c' ■ g' 2 \\, where g = S[/*(/), 
9' = su*(f')- Since g 2 + gg" + g'g + g' 2 ^ 1 and c*c,c'*c' ,c*c' ,c'*c' e Cjj-ijj, which 
is a continuous Co(s(C/))-algebra and hence a convex Banach Co(s(J7))-module, we 
get \\cf + c'f'\\ 2 ^ max{||c||, ||c'||} 2 . Finally, the norm ||c u || 2 = ||(c*c) u -i u || depends 
continuously on u 6 U because Cjj-ijj is a continuous Co(s(i7))-algebra. □ 
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Proof of Proposition \9.1\ Using Lemma [9 .21 and [8 J , one easily verifies that there ex- 
ists a continuous Fell bundle JonG with an isometric isomorphism ljj : Tq(J-\jj) — > 
Cjj of Banach Co(i7)-modules for each U e & such that for all U, V e (S, the fol- 
lowing properties hold. First, the map Fo(J r |[/) Fo(J 7 |v r ) Cy is equal to 
Fo^lt/) ^ Ct/ — CV if ?7 c K, and second, t[7 (/)* = ^y(/ 5 ) = 

L u(f)tv(g) for all / 6 ro(.F|t/), 5 6 To^lv)- Define l: Tf^) — » C as follows. 
Given a = ^ a « e ^(J 7 ), where a; e To^lc/J and U{ e ©, let t(a) = Yji L Ui (««)• 
Using the preceding two properties of t, one easily verifies that i is well-defined and 
a *-homomorphism. □ 

Denote by po: Ff(T) — > Tq(J :0 ) the restriction. 

Proposition 9.3. There exists a faithful conditional expectation p: [i(F/(J 7 ))] — > 
Cqo such that p o i = l g o o po . 

In the following lemma, fh^g denotes the pointwise product of functions /, hp g e 
C C (G), where hgg was defined in (fT7|) . 

Lemma 9.4. Lei £ C C (G), c 6 C, / e C C (G). 

i) (v\iH(j(0\2Hc)\j(e))2)W)i = (j(0\2&((v\i5(c)\v')i)\mh for all r,,rf e 7 . 

u) (m\ 2 A(L(f))\j(e))2 = L(fh^). 

Hi) (j(OkHc ■ /)b'(0>2 = c • ifceCu and f e C (U), where Ue<5. 

Proof, i) Let d = <j(0 | 2 5(c) |j(^)>2- Then 5(d) = <j(OW * id)(<5(c))|j(0>3 = 
<i(01 3 (id*A)(5( C ))|i(C')>3 and (^(d)^ = <j(0| 2 A«r ? | 1( 5(c)|V>i)|j(^)>2- 

ii) This is a special case of Lemma 18.121 

iii) Let 77,7/ e 7. Since c e Cu, we have <V/|i<5(c)|?/)i = L(g) for some 5 6 Cq{U). 
Let £" = r*(su*{f))i and denote by e C the left and the right hand side of 
the equation in iii), respectively. Then di = (j(C)\2^(c)\j(C"))2, and by i) and ii), 

<ri\im)W>i = m)\2^«v\iS{c)\rf}i)\M")h = (m\2L(g)m")h = 

<77|i5(dr)|»7'>i = (v\iS(c)\v')ir*(s Uit (fh^i)) = L(g)L( Su *(fh u ,)). 
We can conclude that (r]\i5(di)\r]')i = (r)\iS(d r )\r)')i because for all x e G, 

(gh u »)(x) = g(x) f ^)/(x)e'(x- 1 y)dA r W(y) = g(x)( Su ,(fh^))(s(x)). 

Since rj, rf € 7 were arbitrary and 8 is injective, we must have d% = d r . □ 

Proof of Proposition \9.3l Given a subset U c G, denote by xc/ its characteris- 
tic function. Using the same formulas as for elements of C C (G), we can define 
a map ^ — > and the function /i^/ for the characteristic function £ = 

£' = Xg q of G° c G, and then Lemma El still holds. Define p: C -» C by 
c <i(Xco)|2'5(c)|i(xGo)>2- Then ||p|| s; ||jOte )l| 2 = 1» and the relation /i Xg0iXg0 = 
Xco and Lemma 19.41 imply that p\c a0 = id and pjc^ = whenever U e & and 
U nG° = 0. Using a partition of unity argument and the fact that G° Q G is open 
and closed, we can conclude that p o 1 = lqo op . 
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It remains to show that p is faithful. Using the right-regular representation of 
G, one easily verifies that [C* (G)' j (xg°)&\ = H. Therefore, the map q: C*(G) — > 
£(&), a i > j (xg )* a J (Xg°) i is faithful in the sense that q(a*a) # whenever a ^ 0. 
If c 6 [t(r/(.F))] and p(c*c) = 0, then ri*p(c*c)rj = q((r]*\i8(c*c)\rj)i) = and hence 
(rj*\i8(c*c)\r])i = and <5(c)|r/)i = for all t] e 7, whence (5(c) = and c = by 
injectivity of 5. □ 

Proposition 19,31 and \15\ Fact 3.11] imply: 
Corollary 9.5. l extends to an embedding C*(J-) —> C. □ 

We denote the extension above by 1 again. 

Proposition 9.6. If 5 is fine, then l: C*{J-) — > C is a * -isomorphism. 

Proof. We only need to show that C is equal to the linear span of all Cjj, where 
U e 0. Consider an element d e C of the form d = (j(£)|2<5(c)|j(<S;'))2> where 
c 6 C,£ 6 C c (V),f 6 C c (y') for some V, V' 6 6. Since G is etale and 5 is fine, the 
closed linear span of all elements of the form like d is equal to [(a|2<5(C)|a)2] = 
[(a|2|a)2C] = C. We show that d 6 Cjj, where U = VV'^ 1 e 0, and then the claim 
follows. Let 77,7/ e 7. By Lemma l9.4| 

<ij|i*(d)|i/>i e <j(0| 2 A(a*(G , ))|i(e / )>2 E [L(C C (G)^)] ^ L(Cb(£0)- 

Using the relation <S(d)l 7 >i c [| 7 >iC r *(G)], we find 5(d)| 7 >i c [| 7 >i< 7 |i<J(d)| 7 >i] ^ 
[| 7 )iL(Co(C/))]. Moreover, since /i^' 6 C C (U), we can choose g e Cq{U) with 
= Then L(fh^^i)r*(su*{g)) = L(fh^^i) for each / 6 Co(U), and 

hence <r/|i<5(d/9 7 (s[/*(5)))|7?'>i = (ri\l s (d)\v')i r *( s U*(g)) = (v\i s (d)W)i- Since <5 is 
injective, we can conclude d = dp 1 (su*(g)) e Cp 7 (Co(s(J7))) and finally d e Cy. □ 

Proposition 9.7. ijf <5 is fine, then J- is admissible. 

Proof. The proof is similar to the proof of Lemma 16.21 i). Bv l9.2l iii). To (J 70 ) = Cqo 
is a continuous Cb(G°)-algebra. Let u e G°, denote by I u c Co(G°) the ideal of all 
functions vanishing at u, and assume that T u = 0. Then Tq^J 70 ) = [Tq(T°)I u ] and 
[C*{F)} = [C*(T)T (T°)) = [C?(T)I U ], whence C = [C Pj (I u )]. Define j( XG o) as 
in the proof of Proposition IP Then [S(C)\i)iC*(G)] = [| 7 >iC r *(G)] and 

[r*(C (G°))C?(G)] = [< 7 |i|7>iC?(G0] = [<7|i«5(CJ u )| 7 >iC r *(G')] 

= [<7|i|7>i^(4)C r *(G)] = [r*(J u )C;(G)], 

whence [j(XG )*C*(C?)i(XG )] = I u C (G°), a contradiction. □ 

The construction of the Fell bundle is functorial with respect to the following 
class of morphisms. 

Definition 9.8. A morphism p of coactions {Cf^,8c) and (D 6 l ,5d) of C*(G) is 
strongly nondegenerate if [p(C)D G o] = D. 

Proposition 9.9. Let n be a strongly nondegenerate morphism of fine coactions 
(C](,5c), (D € l ,5d) with associated Fell bundles T , Q and *-homomorphisms ij, ig. 
Then there exists a unique morphism T from T to Q such that tg o T* = tt o lj^. 
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Proof. Let U, V e <8. Then 7r(Cu)D v c because 



M^(Ct/)AO|e>i = ((^•id)(fc(Ci/)))<5£,(£V)|e>i 
c ((7r*id)(* c (Ci7)))|e>iL(C (y)) 
c |e> 1 L(Co(C/))L(C (F)) = |e>iL(C (?7U)) 
and 7r(C^)IV <= [^(C^Co^t/))))^] <= [7r(C)Dp £ (C Q (s(UV)))], 

where the last inclusion follows similarly as in the proof of Lemma 19.21 ii) . De- 
fine a map S uy : r (T\u) x T (G\ V ) -> To(Q\ uv ) by (f,g) ^> ^(^(ltU))^)), 
let (x,y) e (U x V) n G s x r G, and denote by 4 c r (JV), Ij, £ r (£/|y), 
c ro(^|av) the subspaces of all sections vanishing at x,y, and xy, respec- 
tively. Using Lemma [9.21 i). one easily verifies that Su,v maps I x x ro(£7|y) and 
^o{F\u) x ly into I xy . Hence, there exists 3, unic[U6 m£Lp $x,y '• 3~x ^ Qy — * Qxy 
such that S x , y (f(x),g(y)) = (S uy (f,g))(xy) for all / 6 T (T\u), g e r (<7|v), 
and this map depends on (x,y) but not on (U,V). For each x e G and c £ F x , 
define T(c): ^IqsM — » by T(c)d = S x ^ y (c,d) for each y £ G s ( x \ d 6 C/y. 

One easily checks that then T is a continuous map from T to M.(Q) which sat- 
isfies conditions i) and ii) of Definition 17.81 and that the representation fr : = 
Lg 1 o vr o i T : C*(T) -> M(C*(Q)) satisfies ir(f)g = (To /) 5 for all / e r c (.F), 
5 6 T C (C/). We show that T also satisfies condition iii) of Definition 17.81 Since tt is 
strongly nondegenerate, D = [tt(C)D g o], that is, C r *(£) = [^(C*(T))T (g )] and 
hence r 2 (CJ, A -1 ) = [^(C*(T))T (g )]. In particular, Q x = \T(T x )G s(x) \ for each 
x e G because G s ^ is discrete. □ 

The unit and counit of the adjunction Denote by Coact^f*^ the category 
of very fine left-full coactions of C*(G) with all strongly nondegenerate morphisms. 
Then the functor F: Fell^. — > Coact^,*^ constructed in the preceding section 
actually takes values in Coact^f*^: 

Lemma 9.10. Let T be a morphism of admissible Fell bundles J-,G on G. Then 
the morphism FT from FJ 7 to FQ is strongly nondegenerate. 

Proof. Immediate from Proposition 17.91 ii) . □ 

The constructions in Proposition 19.11 and 19.91 yield a functor G: Coact^f*,^ — * 
Fell^. We now obtain an embedding (F, G, 77, e) of Fell^. into Coact^?*,^ as a full 
and coreflective subcategory. 

Proposition 9.11. Let T be an admissible Fell bundle, (ft f(C* (J- ))'](, Sj^) = FJ- 
the associated fine coaction, and Q = GFJ 7 and ig: C*.(Q) — > irj:(C*(F)) the Fell 
bundle and the *-homomorphism associated to this coaction as above. Then there 
exists a unique isomorphism fjjr: T — > Q such that Lg o (fjj^)* = ftp- 

Proof. Let (C£, 5) = (nj?(C? (T))][ , 6 T ) and U e &. We show that Cjj = ftT(T (T\u)). 
Note that [{h^> \ £ € C c (r(U)),\' € C C (U)}] = C (U), where the functions h^> 
were defined in (|17p . Using Lemma 19.41 we can conclude 

Ou = mcMU)))\25(ft^c(m\j(Cc(U)M. 
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By Lemma EU2l we have for all £ e C c (r(U)), f e r c (.F), £' 6 C C (U), 
<i(e)| 2 5(vr^(/))|i(e / )>2 = 6 irjr(T (T\u)), 

where fh^gi denotes the pointwise product. Consequently, C\j = 7Tj-(ro(.F|i/)). 
Since U e & was arbitrary, we can conclude that there exists an isomorphism 
fjjr: T — > Q of Banach bundles such that ig o (fjj^)* = 7Tf : r c (^*) — > C. Using the 
fact that (?7j")* is a *-homomorphism and that G is etale, one easily concludes that 
rjjr is an isomorphism of Fell bundles. □ 

Proposition 9.12. Let (C,8) be a very fine coaction of C*{G), where C = C^ K , and 
let C*(J-) — > C be the associated Fell bundle and * -isomorphism. Then there 
exists a unique strongly nondegenerate morphism £(c,5) from (ttj^(C*(J t ))j^ f , 6j?) to 
(C, 5) such that £(c,5) ° = L - 

Lemma 9.13. Let U e &, £ e C C (U), i) e 7, and uj = \rj)ij(£) € 7 > a c 
£(£, K~®bH). 

b 

i) There exists a C (G°)-weight 4>: T {F°) -> C {G°) c £(£), / ^ u*5(i(f))u. 

ii) There exists a unique isometry S^: = r 2 (J r , v\<\>) — > K^®pH such that 

b 

Suj<f>{f) = 6(i(f))oj for all f e r^J 7 ). Furthermore, S w ir^{f) = 5{L{f))S w for 
allfeT c (F). 

in) Suj^Tcffi) c 7 > a . 

Proo/. i) First, note that w*<5(C G o)u; c [a*< 7 | 1 | 7 > 1 L(Co(G ))a] = [«*<7|i|7>ia] = 
C (G°) c £(£). Second, observe that for all c 6 C G o, f e C (G°), 

<Kcf)=m*(v\i8(cf)\r,) 1 m 

= 3(0*(v\iS(c)\r])ir*(f)j(0 =j(0*(v\i5(cMu(0f = 4>(c)f. 

ii) As before, denote by po: Ff^J 7 ) — > Tq(J 7 °) the restriction. Let U e 0, /, /' 6 
r c (J r ), and <? = /*/'. Using the relation supp/i^ ^ G° and Lemma 19.41 we find 

= il*t(g ■ h u )r) 

= u*6(L(p (g)))uj* = <j>(p (g)) = </|/V(^a^^)- 

The existence of follows. Finally, S w n^(f) = 6(i(f))S u because S U} 7^ ( j ) (f)j < i > (g) = 
SuUUq) = SWg))u = 8{i{f))SSU{9) for all f,ge F C (T). 

iii) Let V e <S,f e r c (T\v),C e C C (G°), and define C' e L 2 (G°,n) by C'{s(x)) = 
C(r{x))D l l 2 {x) for all x e V and ('(y) = for all y 6 G°\s(V). Then {j<l>(f)0( x ) = 
f(x)C(r(x)) = (j(),(f)C')(x) for all x 6 G and therefore 

s^(/)C = s u j^f)C = <ty(/)X' = 8(L(f))\4>ti(.OC'- 

Since / e r c (J 7 |y), there exist /' e L(C (V)), rf e 7 such that <5(i(/))|r/)i = 
|V>i£(/')- Now, 

SwM/K = W))to>ij(OC = |»/>i£(/')j(OC' = [V>i W)C)C 
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because (L(f)j(£)(')(z) = for z f VU and 

W)M){')(xy) = D~V 2 (x)f'(x){i(yK'(r(y)) = f'(x)((r(xm(y) = j(L(f')OC(xy) 

for all (x, y) e (V x U) n G s x r C Thus, S u jj,(f)C e 7 t> a. The claim follows. □ 

Proof of Proposition \9.1!& Since irjr is injective, we can define e = C(c,5) := 4 7r ^ 1 - 
We show that 5 o e is a morphism from 7Tjr(C*(^"))^_ to ^(C)'j^^ H . For each 

b 

Co(G )-weight on ro(J r0 ), denote by p^: Kjr — » if^ the canonical projection. Let 

5 c C(Kj?, Kj(g>pH) be the closed linear span of all operators of the form S^p^, 
b 

where U,^,rj,to,(f) are as in the lemma above. Then Sa = S(e(a)) for each S e S, 
a e 7T7r(C*(.F)), and [c?7.f] = [<5(i(r c (J 7 )))(7 >a)] = 7 >a. The claim follows. Since 
<5 is an isomorphism from C to ^(C)j^^jj, we can conclude that e is a morphism 

b 

from 7Tj-(C*(J-"))^_ to C. The relation (e * id) o 5 = 5 o e follows from the fact that 

(j(0\2S(e(g)-f)\j(e))2 = e(g) •(/%£') 

= e(9 ■ (fh,?)) = e(<j(0l2^(9))|j(O>2) 

for all U e 0, 5 6 r^JV), / 6 C c ([7), 6 C C {G) by Lemma BOl □ 

Corollary 9.14. Every very fine coaction ofC*(G) is left-full. 

Proof. Let (C, 5) be a very fine coaction of C*(G), let £(c,5) an d {^t{C* {JF)) 1 ^, 5j?) 
as above, and let I := {T 6 £ s ((Kj7, (K, 7)) | Tx = ^^(a^T for all x e 
7Tf(C*(.F))}. Then 7 = [Itf] because £(c,5) is a morphism, and since Sjr is left-full, 

[5(C)| 7 > 1 C r *(G)]= [(i m *id)(^(7r^(C;(^))))(7®id)|7^>iC r *(G)] 

b 

= [(I®id)^(7r^(C r *(J-)))|7^>iC;(G)] 

fa 

= [(J®id)|7^)iC r *(G')] = [|7>iC r *(G)]. □ 
fa 

Theorem 9.15. (F, G,fj, e) is an embedding of Fellg into Coact^f*,^ as a full 
and coreflective subcategory. 

Proof. One easily verifies that G is faithful and that the families {fjj?)? and (e(c,5))(c,5) 
are natural transformations as desired. Since 17 is a natural isomorphism, F is full 
and faithful [El IV.3 Theorem 1]. □ 
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